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0 Introduction

The typical question in classical enumerative geometry asks how many objects satisfy a given list
of geometric conditions. The presence of this ‘list’ makes the subject tightly linked to the subject of
intersection theory.

Examples of classical problems in the subject are the following:

(1) Given an integer n > 0, how many lines £ c P"*! are incident to 2n general (n — 1)-planes

Aj,..., Ay, CP™12 (Answer in 22)
(2) How many lines £ c P lie on a general cubic surface S C P3? (Answer in 22)

(3) How many lines £ C P* lie on a general quintic 3-fold Y ¢ P4? (Answer in 22)

In the questions above the objects we want to count are lines in some projective space, on which
we impose some geometric constraints, such as intersecting other linear spaces or lying on a smooth
hypersurface. In (1), we impose incidence with 2 linear spaces. Why exactly 2n? We immediately
see that in order to even get started we have to ask ourselves the following:

Question 1. How do we know how many constraints we should put on our objects in
order to expect a finite answer? In other words, how do we ask the right question?

See Section 1.1 for a full treatment of the topic ‘expectations’ in the case of lines on hypersurfaces:
we will confirm that the expected number of lines on a general hypersurface Y ¢ P" of degree d is
finite precisely when d =2n —3.

The main idea to guide our geometric intuition in formulating and solving an enumerative
problem should be the following recipe:

(A) construct a moduli' space M for the objects we are interested in,
(B) compactify M if necessary,
(C) impose dim M conditions to expect a finite number of solutions, and

(D) count these solutions via intersection theory methods.

None of these steps is a trivial one, in general. The last two, in a little more detail, would ideally go
as follows: each ‘condition’ we impose in step (C) is described by a cycle Z; ¢ M which is Poincaré
dual to a Chow class a; € A* M, and the intersection of these cycles is represented by the product

IThe latin word modulus means parameter, and its plural is moduli. Thus a moduli space is to be thought of as a parameter
space for objects of some kind.
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a=q,U---Ua, € AYmM A, where ‘U’ is the ring multiplication in the Chow ring A*M.? The fact that
a lies is the top degree (i.e. in maximal codimension) means that

r

Z codim(Z;, M) =dim M,

i=1

which we should have achieved in the third step if we have ‘asked the right question’. The final step
asks us to compute the number

f a=deg,(an[M]) € Z,
M

where deg ,: A, M — A,pt =Z is the pushforward on Chow groups along the structure morphism
M — pt, which exists by compactness of M.

We are therefore facing the following question:

Question 2. How do we know this intersection-theoretic degree is the answer to our
original question? In other words, how to ensure that our algebraic solution is actually
enumerative?

Concretely, take Problem (2): how do we make sure that each line £ C S appears as a point in the
moduli space with multiplicity one? The truth is that we cannot always be sure that this is the case. It
will be, both for Problem (2) and Problem (3) (by Lemma 1.1.4 and ?? respectively), but not in general.
However, we should get used to the idea that this is not something to be worried about: if a solution
comes with multiplicity bigger than one, there must be some good geometric reason for this, and we
should not disregard it. More precisely (but not too precisely), if a point on the moduli space is ‘fat’,
i.e. nonreduced, it means that the geometric object it corresponds to has nontrivial deformations,
and thus it is natural to count it with some multiplicity — in this sense, one may say that our original
enumerative question was too naive.

Remark 0.0.1. Compactness of M (in the above example, the Grassmannian) is used in order to
make sense of taking the degree of cycles. Intuitively, we need compactness in order to prevent the
solutions of our enumerative problem to escape to infinity, like for instance it would occur if we were
to intersect two parallel lines in A2,

We emphasise that compatcness really is a non-negotiable condition we have to ask of our moduli
space — with an important exception, that will be treated in later sections: the case when the
moduli space has a torus action. In this case, if the torus fixed locus MT C M is compact, a sensible
enumerative solution to a counting problem can be defined by means of the localisation formula,
one of the most important tools in enumerative geometry (and in these notes). The original formula
due to Atiyah and Bott will be proved in ?2.

One more fundamental notion in counting problems, transversality, is discussed in the next
subsection, by means of an elementary example.
0.1 Transversality, and counting lines through two points

Let X be an algebraic variety, x € X a point. Denote by T, X = (m, /m?)* the Zariski tangent space of
X at x, where m, C Oy , is the maximal ideal in the local ring attached to x.

2The reader can more or less safely replace A, with homology H, throughout these notes.
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Definition 0.1.1 (Transverse intersection). Let Y be a quasiprojective variety. We say that subvarieties
Zi,..., 2y, of Y intersect transversely at a smooth point y € Y if y is a smooth point on each Z; and
codim("); T, Z;, T, Y) = >, codim(T, Z;, T, Y).

Consider the enumerative problem of counting the number of lines in P? through two given points
p,g<P? LetN pa be this number. Then, of course,

1 ifp#g,

e oo ifp=gq.

The answer N, = 0o corresponds to the cardinality of the pencil Z, = P' of lines through p (see
Figure 1). For the sake of ‘completeness), the formula N,,, = 1 will be proved in #2.

Figure 1: The unique line through two distinct points, and the in-

finitely many lines through one point in the plane.

The point we want to make in this section is that

| the answer ‘1’ can be recovered in the degenerate setting p = q. |

Remark 0.1.2 (Let us not cheat). To obtain the answer relative to the picture on the left, we have to
notice that the two cycles

Z,={tcP*|pet}cP” Z,={tcP’|qet}cP*

intersect transversely in the dual projective space P?*, and we can use the intersection product on P?*
to compute Z, - Z, = #(Z, N Z,) = 1. Now, using basic intersection theory, it is clear how to obtain
the answer ‘1’ also in the case p = q. Since we are working in P> = P2, we know that any q # p
yields a homologous cycle Z, ~ Z,,, and again the intersection product yields Z; =Z,Zs=1.Butin
general we will not be working in such a pleasant ambient space and thus we will not know whether
algebraic deformations such as Zy 2y, leading to a transverse setup, are available. For instance, a
(=1)-curve® C on a surface S cannot be ‘moved’ algebraically on S to another curve C’ such that C
and C’ intersect transversely!

Now, the case p = q is a ‘degeneration’ of the case p # g, and we certainly want our enumerative
answer not to depend on small perturbations of the geometry of the problem. Why do we want that?
Just because we are reasonable people: we were already taught how to be reasonable when our first
Calculus teacher told us that a decent function is at least continuous.*

Next we explain how to get the ‘correct’ answer

N corrected _ 1
pp

3A (—1)-curve on a surface S is a curve C c S such that C.C =—1, where the intersection number C.C can be seen as the

degree of the normal bundle .A¢; /s = O5(C)|¢ to C in S.
4Ultimately, we are going to study invariants, e.g. Donaldson-Thomas invariants. They deserve to be called that precisely

because they don't change if we slightly (but holomorphically) deform the variety they are attached to.
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by means of the excess intersection formula, one of the most important tools in classical enumerative
geometry. We mention it not only because it is a beautiful piece of intersection theory, but also
because it lies at the very roots of modern enumerative geometry, lying right at the foundation of the
idea of virtual classes.

Before we start, we need to recall the following important notion.

Definition 0.1.3 ((Co)normal sheaf). The conormal sheaf of a closed immersion of schemes X — M

defined by an ideal .# C 0y, is the quasicoherent® 0x-module
Cxpu=I/5%
and the normal sheaf is its Ox-linear dual,
Nxm = g%"omﬁx(ﬂ/ﬂz, Ox).

The sheaves 6y, and A/, are locally free (of rank d) when X < M is a regular immersion (of

codimension d).

Example 0.1.4. If X — M =P’ is a hypersurface of degree d, then the ideal sheaf of X in P” is the
invertible sheaf Op.(—d), so N /pr = Op:(d)x.

Notation 0.1.5. Let X < M be a closed immersion. We set
Nx/m =Specg, Sym Exum-

It is naturally a scheme over X. With a slight terminology abuse, we will also refer to it as the normal
sheaf to X in M.

Exercise 0.1.6. Let X < M be a closed immersion, M—Ma morphism, set X=X X\ M and let
g: X — X betheinduced map. Show that there is a natural injective map of sheaves Nt — 8 Nx/m»
which is an isomorphism whenever M — M is flat. Deduce that there is a closed immersion

N)?/M(_)g*NX/M :NX/M XXA)’Z

of schemes over X. (Hint: Try to construct a surjection g*%y /M = 6,57 involving the conormal
sheaves. If in need of further hints, see [41, Tag 01R1]).

Also recall (see [27, 11.8.13] for a reference) that on any projective space P we have the Euler
sequence

(0.1.1) 0— Opr — Op (12 = T, — 0,

where 0p-(1) is the hyperplane bundle and 7. is the algebraic tangent bundle.

Now back to our problem. The P! of lines through p can be neatly seen as the exceptional divisor
E in the blowup B =BI,, P?, cf. Figure 2.
Looking at the fibre diagram

E

oo

~
o

—
(0.1.2) g O fd
—>

p

5Itis coherent as long as M is locally noetherian.


https://stacks.math.columbia.edu/tag/01R1
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Figure 2: The blowup 7t: B — P? of the plane in one point.

we know by Exercise 0.1.6 that there is an injection of locally free sheaves Af/p = Op(—1) C g* A, /p2.
The excess bundle (or obstruction bundle)

Ob,, —P'

of the fibre diagram (0.1.2) is defined as the quotient of these two bundles [22, Section 6.3]. But the
short exact sequence

0— Og(—1)— Oz ® T,P* — Ob,,, — 0
is nothing but the Euler sequence (0.1.1) on P! twisted by 0(—1). Therefore
Obpp = 75171 (—l) = ﬁpl (2— 1) = ﬁ]})l(l)

Note that we can repeat the process with g # p, which would yield 77(g) = pt. In this case we get
Ob,,, =0. We can now write a universal formula for our counting problem: if M, = n7'(g) is the
‘moduli space of lines’ through p and g, the virtual number of lines through p and q is

f e(Obpq): 1,
Mg

for all (p, g) € P? x P2. The Euler class e(V) of a vector bundle V is its top Chern class. Note that the
rank of Ob,,, is the difference between the actual dimension of the moduli space, and the expected
one.

Remark 0.1.7. Note that, unlike in Remark 0.1.2, we have now obtained

corrected __
N s =1
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as an intersection number on the actual moduli space Z, P! = E.

This discussion allows us to formulate another intrinsic difficulty in enumerative geometry. Sup-
pose, just to dream for a second, that we are able to solve all enumerative problems in generic
(transverse) situations, and we know that the answer does not change after a small perturbation of
the initial data.

Question 3. How do we ‘pretend’ we can work in a transverse situation when there is

none available?

The modern way to do this is to use virtual fundamental classes.



1 Moduli spaces

1.1 Warming up: lines on hypersurfaces

Let Y c P” be a general hypersurface of degree d. We want to show the following:

We should expect a finite number of lines on Y if and only if d =2n—3.
We should expect no lineson Y if d >2n —3.
We should expect infinitely many lineson Y if d <2n—3.

To understand the condition
{cY

for a given line ¢ c P" and a hypersurface Y c P", we give the following concrete example.

Example 1.1.1. Let £ C P? be the line cut out by L, = L, = 0, where L; = L;(z, 21, 25, 23) are linear
forms on P3. To fix ideas, set L; = z; and L, = z; + 2, + z3. Let Y C P2 be defined by a homogeneous

equation f =0, for instance the cubic polynomial
f=2+32025 — 2z} z3.
Then we see that plugging L, = L, =0 into f does not give zero, for
f|Z =O+0—zzz(—z0—z2)=zz3.

This means that ¢ is not contained in Y. On the other hand, the line cut out by L, and L, = z; lies

entirelyon Y.

Let Y c P" be the zero locus of a general homogeneous polynomial
feH P, Gpu(d)).

As we anticipated in Example 1.1.1, aline £ ¢ P" is contained in Y if and only if f|, = 0. This condition
can be rephrased by saying that the image of f under the restriction map

res,

vanishes. We want to determine when we should expect Y to contain a finite number of lines. We set,
informally,
N,(Y)=expected number of lines in Y.

Let us consider the Grassmannian

(G=Gr(2,n+1)=G(1,n):{Lines€CIP’”},
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a smooth complex projective variety of dimension 2n —2. Recall the universal structures living on G.
First of all, the tautological exact sequence

rank 2 rank n +1 rank n—1

0 > S > Og ®c HO(P", Op. (1)) ) s 0

where the fibre of . over a point [£] € G is the 2-dimensional vector space H°(¢, 0,(1))*. Let, also,
L={(p,l)eP"xG|pel}cP"xG
be the universal line. Consider the two projections

£ -2y pn
|
G

and the coherent sheaf
gd = ﬂ*q*ﬁ]pn(d).

Exercise 1.1.2. Show that &} is locally free of rank d + 1, and that one has an isomorphism of locally
free sheaves
&, 2Sym? 7.

(Hint: use cohomology and base change, e.g. [16, Theorem B.5]).

Dualising the universal inclusion . < 0g ®¢ H(P", Gp.(1))* and applying Symd, we obtain a

surjection

O ®c HO(P", Op,(d)) — Sym? 7%,
which is just a global version of (1.1.1). The association
G3[(] fl e H(, G,(d)) = Sym? H(¢, G,(1))

defines a section 7y of §; — G. The zerolocusof 7 =m,q*f € H°(G, &;)is thelocus of lines contained
inY.

Definition 1.1.3 (Fano scheme of lines). Let Y ¢ P" be a hypersurface defined by f = 0. The zero
scheme

F(Y)=Z(t;) — G=G(1,n)
is called the Fano scheme of linesin Y.

Since f is generic, 7, € I(G, &,) is also generic. Therefore, the fundamental class of the Fano

scheme of lines in Y is Poincaré dual to the Euler class
e(&,;) € AMG.
Thus [F(Y)]=e(&;)N[G]€ A,Gisa0-cycleifand onlyifd +1=2n—2, i.e.

d=2n-3.
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A rigorous definition of N,(Y) is then
N, (Y) ZJ e(gd):f Ca1(Sym? 7).
G G

Such degree is the actual number of lines on Y whenever H(¢, .4;,y) =0 for all ¢ ¢ Y. This condition
means that the Fano scheme is reduced at all its points [¢], since H(¢, .4;,y) is its tangent space at
the point [£].

LEMMA 1.1.4. IfS c P® is a smooth cubic surface and( C S is a line, then H°(¢, .4;/5) = 0.

Proof. 1tis enough to show that 4" =.4;,s, viewed as a line bundle on ¢ = P', has negative degree. By
the adjunction formula,
Ky = Ksl @5, N

Using that K, = ,(—2) and Ks = Kps|s ®, A5/ps = Os(d —4) for a surface of degree d in P3, by taking
degrees we obtain
—2=(3—4)+deg.¥,

so thatdeg./"'=—1<0. O

Exercise 1.1.5. Let Y C P” be a general hypersurface of degree d < 2n —3. Show that F(Y) c G(1, n)

is smooth of dimension 2n —3—d.

1.2 Hilbert and Quot schemes of points

1.2.1 Existence, and Quot-to-Chow

Let X be a smooth quasiprojective variety of dimension d > 1, and let F be a locally free sheaf
of rank r > 1 over X. Fix an integer n > 0. The Quot functor attached to this data is the functor
Quot  (F, n): Sch’ — Sets sending a C-scheme B to the set of isomorphism classes of surjections
Fz - T in Coh(X x B), where T is a B-flat sheaf such that T, is 0-dimensional and satisfies y(7;,)=n
for every geometric point b € B. Two surjections are considered isomorphic if they share the same

kernel. One can also say that the functor parametrises short exact sequences

0 s K s Fy s T 5 0

in Coh(X x B), with no equivalence relation imposed. A classical result of Grothendieck states that

this functor is represented by a quasiprojective scheme (projective as soon as X is projective)
Quotx(F, n).
If F = Ox, we obtain the Hilbert scheme of points
Hilb"(X) = Quoty(0y, n).

It parametrises closed subschemes Z c X such that y(0,) = n. Its B-valued points, namely the short
exact sequences
0 —> Iz —— Oxxpg — Oz —— 0,

with 0 flat over B of relative degree n, correspond precisely to closed subschemes Z < X x B such
that Z — B is flat of degree n.
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Noration 1.2.1. The closed point in Hilb"(X) corresponding to a closed subscheme Z c X with ideal
sheaf .¥, c 0, will be denoted by [Z] or by [.#;].

Morphisms into the Quot scheme are classified by the Quot functor, thanks to its representability.
The most important morphism out of the Quot scheme is the Quot-to-Chow morphism, namely the

morphism
(1.2.1) Quoty(F,n) ——"— Sym™(X)=X"/G,,
taking the class of a quotient [F — T] to the 0-cycle

[Supp T]= Z length, T - x.

xeX

See [40, Cor. 7.15] or [20, 19] for the construction. The punctual Quot scheme
Quotx(F, n), c Quoty(F, n)

is defined to be the fibre of o', over the ‘fat cycle’ [nx] € Sym”(X). If F has rank 1, we denote it by
Hilb"™(X),.

Definition 1.2.2. The smoothable component I, C Hilb"(X) is the closure of the locus of reduced
subschemes Z c X. If X = A9, we denote it by .

PROPOSITION 1.2.3 ([8, Prop. 4.15]). All monomial ideals I C C[x;,...,x,] of colength n lie in the
smoothable componentT»® c Hilb"(A%).

1.2.2 What’s (un)known?

Not much is known about the geometry of Hilb"(X) for d > 3. Here is a recap on some known

properties of Hilbert and Quot scheme of points:

1. Hilb"(A?) is connected for all n and d. It is smooth (and irreducible) if and only if d < 2 or

n<3.

2. Hilb"(A%)is irreducible for all d and n < 7, see [35]. If d > 4, then Hilb"(A%) is irreducible if and
onlyifn <7.

3. Hilb"(A3%) is irreducible for n < 11, see [28, 15] and the references therein. See also [45] for
n=29,10. Moreover, Hilb"(A3%) is reducible for n > 78, see [29].

4. Hilb"(A®) is nonreduced by Szachniewicz’s work [43].

5. The punctual Hilbert scheme Hilb"(A?), is irreducible of dimension n —1, see [7, Corollaire
V3.3].

6. The punctual Hilbert scheme Hilb"(A3), is irreducible for all 7 < 11, see [30].
7. If F islocally free, then Quotx(F, n) is connected [37, Theorem 1.4].

8. If r > 1, then Quot,.(0®", n) is smooth if and only if n = 1.

9. Quot,.(0®", n)is irreducible of dimension (r + 1)n, see [17].

10. If d, r > 3, then Quot,.(0®", 8) has a generically nonreduced component [31, §6.5].
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On the other hand, the following questions are open since a long time:
1. What is the smallest n such that Hilb"(A3) is reducible?
2. If d > 3, what is an upper bound for the number of irreducible components of Hilb" (A%)?

3. Ifd>3andpe l"s';'qd c Hilb"(A%) belongs to the smoothable component, what is, at most, the

dimension of the tangent space of Hilb"(A%) at p?

'S

. Is Hilb"(A3) generically reduced? That is, if W c H = Hilb"(A3) is an irreducible component

with generic point &, is 0 - reduced?

1.2.3 Thelocal case

Let us set X = A9, so that necessarily F is a trivial bundle (of rank r). We now give a hands-on

(scheme-theoretic) construction of
Quot (0%, n)= { KcClxy,...,x1%" | dimcClxy,...,x;1% /K =n },

that will turn out useful later. More precisely, we will provide equations cutting out the Quot scheme in-

side a smooth quasiprojective variety (the so-called noncommutative Quot scheme), cf. Theorem 1.2.7.
Let us get started with our description of Quot,«(0®", n). To ease notation, let us put R; =

C[x1,..., x4]. The condition defining a point [K] € Quot,.(0®", n) is that the R;-linear quotient

2] 5]
R —» RJ"/K
is a vector space of dimension 7. To construct a point in the Quot scheme, we need:
(1) avector space V,, =C",

(2) an R;-module structure
9: R; —— End¢(V,)

with the property that
(3) such structure is induced by an R,-linear surjection from R}".

So let us fix an n-dimensional vector space V,,. Later we will have to remember that we made
such a choice, and since all we wanted was “dim V,, = n” we will have to quotient out all equivalent
choices. Let us forget about this for the moment. In (2), we need 9 to be a ring homomorphism, so we
need to specify one endomorphism of V,, for each coordinate x; € R;. All in all, ¥ gives us d matrices

AI’AZr"'rAd EEndc(‘/n).

The matrix A; will be responsible for the R;-linear operator “multiplication by x;” for the resulting
module structure on V,,. Also in this step we should note a reminder for later: strictly speaking, what
we have defined so far is a C(xy, X, ..., X;)-module structure on V,,. But in R, the variables commute
with one another. So we will eventually have to impose the relations [A;, A;]=0forall 1<i< j<d.
Condition (3) is a little more tricky. Let us reason backwards, assuming we already have an R;-
linear quotient ¢ : R;‘;’ —» V,. Then it is clear that the images of the coordinate vectors e, ..., e, € Rff’
must generate V, as a C{x;, X,,..., X;)-module. In other words, every element w € V,, belongs to

SpanC{A;"IA;"ZmA;""-(p(e,-){ m;>0,1<i<r}.
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This tells us exactly what we should add to the picture to obtain Condition (3): for a fixed C{x;, x5, ..., X4)-
module structure, i.e. d-tuple of matrices (A;,A,,...,A4), we need to specify r vectors vy,...,v, €V,
with the property that

(1.2.2) Spanc { A" A" - AY vy | my €250, 1< i< T )=V,
Let us consider the (d n? + r n)-dimensional affine space
(1.2.3) W', =Endc(V,)* @ V'
Exercise 1.2.4. Show that the locus
Uy =1{(A,Ay,..., Ag, 0y,..., v,) | (1.2.2) holds } ¢ W,
is a Zariski open subset.
Consider the GL,-action on W/, given by
(1.2.4) g (AL Ay .., Ag, vy, v,)= (A5, A5, A8 g0y, 8 0,)

where M8 = gM g~ is the standard conjugation action.
LEMMA 1.2.5. The GL,, -action (1.2.4) is free on U/,

Proof. 1f g € GL, fixes a point (A}, Ay,...,Ag, v,..., v;) € U/, then v; = gv; lies in the invariant
subspace ker(g —id) c V, for i = 1,..., r. But by definition of U/, the smallest invariant subspace
containing v, ..., v, is V,, itself, thus g =id. O
Definition 1.2.6 (Noncommutative Quot scheme). The (geometric) GIT quotient
anuot’r”d = Urf’d/GL,,

is called the noncommutative Quot scheme.

Note that anuot’rl’d is smooth by [41, Tag 02K5] and has dimension dim U/, —dimGL,, = (d —
1)n?+rn.

The following result is of crucial importance for us (and can be taken as the definition of the local
Quot scheme).
THEOREM 1.2.7 ([44, 1]). There is a closed immersion

Quoty(0®",n) —— anuot’Zd

cut out by the relations[A;, A;]=0 for1<i< j<d.
Furthermore, if d = 3, such relations cut out the zero scheme of the exact 1-form

df,., e HO(anuot’Zg,Ql)
defined by the regular function f, ,: anuot’r’,3 — Al sending
[A1, Ay, A3, 1y,..., 0] —— TrA[A,, A3l

In particular, Quot s (0®", n) is a critical locus.

Exercise 1.2.8. Let d = r = 1. Show that Hilb"(A')=ncQuot], = A".

Remark 1.2.9. If d = 2 the description of Hilb"(A?) is equivalent to Nakajima’s description [38,
Theorem 1.14]. See also [28] for an equivalent description of Hilb"(A%), in terms of perfect extended
monads. See [9] for a description of Quot,.(0®", n) in terms of framed sheaves on P4, available when
d=>3.


https://stacks.math.columbia.edu/tag/02K5
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1.2.4 Quot-to-Chow in the local case

Fix n > 0and d, r > 1. The Quot-to-Chow morphism
O gorn: Quotya(0®",n) —> Sym” A4
introduced in (1.2.1) can be reinterpreted as follows. Pick a point
[Ay,...,Ag, vy,..., U, ] € Quot,. (0%, n)

and notice that since the matrices pairwise commute, they can be simultaneously made upper
triangular. So, since the tuple is defined up to GL,,, we may assume they are in the form

()

a * ke *
0 agz) * ook
0 0 0 a¥)

Then o g , is given by

[Ay,..., Ay, 1y,..., 0] —— Z (aq) ...,a(.‘.i)).

1<isn

When all the matrices are nilpotent, and only in this case, the corresponding quotient 0%" — T is

entirely supported at the origin. In other words,
Quoty (0%, n)y={[A,...,Aq, V1,..., V]| Ay,..., A, are nilpotent }

is a way to describe the punctual Quot scheme.

1.2.5 Smoothness

We shall make use of the following classical result from deformation theory.
PROPOSITION 1.2.10. Let p € Quotx(F, n) be a closed point corresponding to a short exact sequence

0 > K > F > T > 0.

Then
(i) The tangent space of Quotx(F, n) to p is the vector space

T, Quoty(F, n)=Homy(K, T).

(ii) IfExt}(K,T)=0, then Quotx(F,n) is smooth at p.

PROPOSITION 1.2.11. IfX is a smooth quasiprojective surface, then Hilb" (X) is smooth and irreducible
of dimension 2n. In particular, it is equal to the smoothable component.

Proof. We may assume X to be projective, since the general result will follow from this one via a
smooth compactification X < X, inducing an open immersion Hilb"(X) < Hilb"(X).
Suppose dim T, Hilb"(X) = 2n for any p € Hilb"(X), then Hilb"(X) is smooth along the smoothable

component, because its interior is a smooth open subset of dimension 27. Since Hilb"(X)is connected



Chapter 1. Moduli spaces 18

by [26], the presence of any other irreducible component W would yield singularities along W NI,
Thus we are reduced to showing that dim T,, Hilb"(X) = 2n for any p € Hilb"(X).

Let Z C X be the closed subscheme corresponding to p. By Proposition 1.2.10, we have T, Hilb" (X)
Homy(.#, 0), so we get an exact sequence

0— Homy (0, 0,) = Homy(0x, 0;) — T, Hilb"(X) = Ext} (0, 0,)

where e is an isomorphism between r-dimensional vector spaces, so that u =0 and v is injective. We
next show that ext} (0, 0;) < 2n. Note that y(0,, 0,) = ext’(0,, 0,)— ext' (0, 0,) + ext*(0y, 07) =
2n—ext'(0,, 0,), where we used Serre duality to compute ext?. Note that, for any locally free sheaf
E on X, one has y(E, 0;)=dimH’(Z, 0,)*F = n-1kE. So, let E* — 0, be a resolution consisting of
finitely many locally free sheaves E’ on X, so that 0=rk 0, =1k E* =, (—1)’ tk E‘. This implies

2(04,0,)=> (1) y(E',0,)=> (-1 n-1kE' =0,
l 4

proving ext'(0,, 0,)=2n. O

COROLLARY 1.2.12. Let X be a smooth surface. Then, the Hilbert-Chow morphismo g, ,: Hilb"(X) —
Sym"(X) is a resolution of singularities.

1.2.6 Torus action on the Hilbert scheme of points
In this chapter we work with the Hilbert scheme
Hilb" (A%).

We view it as a fine moduli space of ideals I ¢ C[x;,..., x;] of colength n, i.e. such that the quotient
algebra dim¢ Cl[x;, ..., x4]/I has dimension 7 as a complex vector space.
Consider the d-dimensional torus

_d
T=G¢

acting on A? by

(1.2.5) t-(ay,...,ag)=(Ha,..., tgay).

Exercise 1.2.13. Show that the action (1.2.5) lifts to a T-action T x Hilb"(A%) — Hilb"(A%). Upgrade
this replacing A4 with any smooth toric d-fold (If in need of a hint, open [39, Section 4.2] or [21,
Section 9.1]).

Exercise 1.2.14. Show that a T-fixed subscheme Z c A? is entirely supported at the origin 0 € A?.
(Hint: Show that Supp(t -[Z])= ¢ - Supp(Z)).

PROPOSITION 1.2.15. An ideal I € Hilb"(A%) is T-fixed if and only if it is a monomial ideal. In particular,
the fixed locus Hilb" (A%)T is finite.

Proof. Recall that the character lattice of the torus T* = Hom(T, G,,) is isomorphic to 74, since each
character T — G,, is necessarily of the form

Am: (b tg) —> ("t )
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for some m =(m,,...,my) € Z4. As an initial step, we notice that the geometric action (1.2.5) dualises
to a T- action on C[x;,..., x;] via the rule

(1.2.6) tef(xn,..,x)= (6 X0, 17 Xq).

This already shows that a monomial ideal is necessarily T-fixed, so it remains to prove the converse.

We next show that the monomials

form an eigenbasis of C[x,, ..., x;] as a T-representation. An eigenvector of a T-representation V, in
this context, is an element v € V for which there exists a character y € T* such that ¢ - v = y(t)v for
all £ €T. (This y plays the role of “classical” eigenvalues in linear algebra.) For us, V =Clx;,..., x4].
Pick v =x™. Then according to (1.2.6) one has

-1 -1 - -
rex™ =t )" (e ) = X)) = ()™

So each monomial x™ is an eigenvector with respect to the weight y_,,. In particular, each corre-

sponds to a different weight, therefore all weight spaces

Ve ={f€Clxy,....xg]| t - f = ym(t)f forall teT}

are 1-dimensional T-subrepresentations (each spanned by x™) and the action (1.2.6) is diagonalisable
by monomials.

Now picka T-fixed ideal I ¢ V. In particular, I is a T-subrepresentation. Buta T-subrepresentation
of a diagonalisable T-representation is again diagonalisable (prove this!), so I has a basis of eigenvec-
tors. But each eigenvector is a multiple of a monomial, thus I is a monomial ideal. O

For d € Z,, the lattice N is endowed with its standard component-wise poset structure through-
out.

Definition 1.2.16. Let d > 1 and n > 0 be integers. A (d —1)-dimensional partition of size n is a
collection of n points A ={a,,...,a, } C N with the following property: whenever a point y € N¢

satisfies y < a; foralli =1,...,n, one has that y € A. We set
pr(n)= | { k-dimensional partitions of n } |

A 1-dimensional partition (d = 2) is simply called a partition. A 2-dimensional partition (d = 3) is
called a plane partition.

Example 1.2.17. One has that po(n)=1 for all n > 0.

Remark 1.2.18. Partitions correspond bijectively to Young diagrams (also known as Ferrers diagrams),
so we will use both terminologies and notations interchangeably. We adopt the English convention
for Young diagrams, with the x-axis growing downwards, the y-axis growing rightwards and the box
in the corner corresponding to the origin (0,0) € A2. See the figures below.

Definition 1.2.19. Let A C N? be a partition. The arm-length, resp. leg-length of a box O € A is the

number of boxes sitting on the right, resp. below 0.
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Example 1.2.20. In the partition A =(5,4,2,1), the red box 0= (1, 1) has arm-length 2 and leg-length
1.

Notation 1.2.21. Set d = 2. There are two different (equivalent) ways to represent a partition A ¢ N?,

namely
1) A:(AI,AZ,...,Ap)where A=A >--->/1p > 0 with nzzjlj, and
(2) A=(1*%2%...n%)with n =Y, ie; (and some @; might be 0, in which case they are omitted).

In both cases, we write ‘A F n’ to say that A is a (1-dimensional) partition of n. The notation in (2)

means that A consists of ¢; parts of size i for all i =1,..., n. Furthermore:
(i) The quantity

1A= "a
i

counts the number of rows in the Young diagram attached to A. It agrees with the number of
boxes O € A such that a(0O0) = 0.

(ii) The quantity A; counts the number of columns in the Young diagram attached to A. It agrees
with the number of boxes O € A such that /(00)=0.

(ili) The automorphism group of A C N* is the group Aut(A) =[ [; S,,, where &,, is the symmetric

group on a letters.

[ [ ]

Figure 1.1: the partition A =(6,3,3,2,1) =(1'2!326") has ||A||=1+1+2+1=5,
Al =6, Aut(l)=(‘52

HnEEEE

Figure 1.2: The five partitions A4,..., A5 of 4. According to Notation 1.2.21, A, =
(1,1,1,1)=(1%, 1, =(2,2)=(22), A3 =(2,1,1)=(1%21), 4, = (3, 1) =(1'3}), A5 = (4) =
(4h.
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Figure 1.3: A plane partition.

Example 1.2.22. If d = 3, a plane partition of n is the same thing as a way of stacking n boxes in the
corner of a room (assuming gravity points in the (—1,—1,—1) direction!).

The following result is a direct consequence of Proposition 1.2.15. The ‘proof’ is given informally
via Figure 1.4.

COROLLARY 1.2.23. There is a bijective correspondence between T-fixed subschemes Z C A? oflength
n and (d —1)-dimensional partitions of n.

2 3 4 5 6 7
1 X X5 X, X, X, X, X,
X | X% | X x2 | x 13

1 142 1492 1492

2 2 2.2

X{ | X5 X | X7 X5

3 3 3,2

X7 X7 X | X5 Xy

4 4

Xp | X)X

5

Xq

%6

Figure 1.4: A 1-dimensional partition (Young diagram) draws a stair-
case and determines (and is determined by) a monomial ideal, in
this case I = (xP, x x,, x} xZ, x, xJ, x). Note that the colength of I,
is|A|=17.

The generating function of the numbers of partitions (for d = 2) is given by the following formula.

THEOREM 1.2.24 (Euler [18, Chapter 16]). There is an identity
D g =] Ja—q™™.
n=0 m21
Proof. Bycontemplation. For instance, say we want to compute p; (4), that we know equals 5 (cf. Figure
1.2). Then expanding
]_[(l—q’")’l :(1+q1+q1+1+q1+1+1+q1+1+1+1+m)
m21

'(1+q2+q2+2+q2+2+2+"')'(1+q3+q3+3+"')'(1+q4+q4+4+"')"'
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we see that to compute the coefficient of g* we have to sum the coefficients of

4

1,3
q
141, 2

q

1+1+1+1

Q Q Q© Q©

242

These clearly correspond to partitions of 4. O

Definition 1.2.25 (MacMahon function). The MacMahon function is the infinite product

M(g)=] Ja—g™r™

m=1

The generating function of the numbers of plane partitions (for d = 3) is given by the following
formula.

THEOREM 1.2.26 (MacMahon [34]). There is an identity

D pa(n)g" =M(q).

n=0

1.2.7 The character of the tangent space

The goal of this section is to compute the character of the tangent representation at a torus fixed
point (monomial ideal) of Hilb" (A4).

Consider the torus T = G‘fn. Let K’ (pt) be the K-group of the abelian category of T-representations.
Taking a representation to its weight decomposition is a ring isomorphism

2 KE(pt) —— Z[tF,..., 7],

so we will identify the two rings without further mention. In order to allow infinite-dimensional

representations, and also (just to be safe) rational coefficients, we define

Define, for F, G two equivariant coherent sheaves on A?, the representations

2(F,G)=> (-1} Ext'(F,G) € Ky (pt)

i>0
and set y(G)= y(0Oxa, G). These representations satisfy the usual relation
(1.2.7) %(F,G)=y(F*®G).

Example 1.2.27. The canonical line bundle K,. is equivariantly nontrivial, as
—1

Kpya = Opa ® (17 td)

Indeed, the sheaf of Kahler differentials splits as Qp¢ = Opadx; & --- ® Oyadx,; and x; carries a —1
weight. This also gives the relation

(1.2.8) %(];)Ad)z Ht-+ 1y



Chapter 1. Moduli spaces 23

Example 1.2.28. Since the action on coordinates is given by ; - x; = ¢, x;, and monomials span

20)= Y tf"“---t]"kl_lﬁ'

my,...,my =0 1<i<d

C[xy,...,x4], we have

Denote by ( -) the involution on K(}r (pt) sending ¢; to tl._l. Then one has

’

1 —1)4(¢ -
MM)=(1—tl)---(l—rd)=(—1)d(r1-~td)u—rl1)---(1—td1)=(1(((;#t”’)

which is equivalent to the relation

(1.2.9) 7(Ona)= (1) (11 14) ) (Opa).
Definition 1.2.29. The tautological (rank n) bundle over Hilb"(A?) is the pushdown
V = q* 02

of the structure sheaf of the universal subscheme Z c A? x Hilb"(A%) along the projection map
q: A% x Hilb"(A?) — Hilb"(A%). The restriction V;, = V|4, to a point [.%] € Hilb"(A?) corresponding
to a partition A C N7 is naturally a finite dimensional T-representation (of rank ), i.e. an element of
KP(pt).

LEMMA 1.2.30. Let S be a nonsingular quasiprojective toric surface. Lift the natural action of T = G?,
on S to Hilb"(S). Then, at a T-fixed point .#, € Hilb"(S), one can write the tangent space as

Ty, Hilb"(8) = 1(05)— x(I7,97) € K; (pt).
Proof. Let us compute

2(0s) = x(Iz, I7) = x(Os)— y(Os — Oz, Os — O7)
=x(0s,07)+ y(Oz, 05)— % (07, O7)
=x(I2,07)+ 1(Oz,07)+ % (07, Os)— x (07, 07)
=x(I2,07)+ 1(Oy, Os).

Applying Hom(—, 0,) to the ideal sheaf exact sequence defining Z c S, we obtain

0 — Hom(6,, 0,) —— Hom(0s, 0;) — Hom(.%,, 0,) D

(—> Eth(ﬁZ!ﬁZ) > 0 > Eth(jz,ﬁz) j

(—> Ext?(0,, 0y) > 0 > 0 > 0.

where we have used the vanishings Ext°(0, 0,) = 0 and Ext*(.9,, 0,) = Hom(0y, ., ® wg)” = 0. We
also have
Ext'(.9, 0;) —— Ext*(0z, 0;)=Hom(0y, 0,)" =Hom(0s, 0;)"

to be read off from the long exact sequence. Therefore
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LEMMA 1.2.31. Let F be an equivariant coherent sheaf on A%. Then one has the relation
(1.2.10) Y (F)=y(F ® 0y)y(Opa).

Proof. Set R=C[x;,...,x;]and M = %*Ad, which as a representation is just tfl 4.4 t;l by (1.2.8).
Note that 0 € A? is the unique torus fixed point. The structure sheaf ¢, = R/m has a torus equivariant
Koszul resolution

0 — ReA\‘M — Re\"'M — - —> RO\'M — R —> g, — 0.

Out of this, we get

20)=x(AM)= D D M= [ [ a—¢)=

1<i<d 1<i<d (@M)
Now, y(F ® Oy) = y(F)y(0,) gives the result. O

The character of the tangent space at a fixed point of the Hilbert scheme (i.e. its decomposition
into weight spaces) can be computed combining Lemma 1.2.30 with the following formula.

LEMMA 1.2.32. Let F,G two equivariant coherent sheaves on A%. Denote bym the involution on
KOT (pt) sending t; to t; 1. Then one has the relation

21(F)x(G)

X (Opa)
Proof. Since stalks and tensor products commute, we have

(1.2.11) ¥(F,G)=

2(FeF)®0)=y(F® 0,)®(F ® &)
= (F®0p)y(F' ® ).

(1.2.12)

Also note that Serre duality (—1)? ¥ (F’, F)= y(F, F’ ® K,.) specialises (when F’ is trivial) to
(1.2.13) (—1)* ¥ (F) = y(F, Kpe) =y (F* ® Kpo) = y (F*)(ty -+ 14) "

So we can compute

X(F,G)=y(F*®G) by (1.2.7)
=x(F*®G)® Oy)x(0Ops) by (1.2.10)
=Y (F*® 0p)x (G ® Op) y (Ops) by (1.2.12)
=1 (F*)x (G ® G) by (1.2.10)
= (DY ty-t)x(F)x(G ® Gy) by (1.2.13)
_ 20 1(F)y(G® o) by (1.2.9)
)((@M)
= —X(FM ) by (1.2.10)
X (Opa)
as required. O

Let us go back to the case d = 2. The torus action is conceived so that one has

o _ 1
1 (Op2) = Z t = —(l—tfl)(l—tz_l)

nezi,

200) = 12— g)

70)  =—t)1—1t) = 11—, 11—t t,.
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If Z c A? defines a torus fixed point, it is determined by a monomial ideal .#, ¢ C[x;, x,], correspond-
ing to a partition (Young diagram) A - n. The character associated to the T-module 0, (the restriction
of the tautological bundle to the point determined by 2) is

Va=1(0,)=>17"= > 1t
OeA (i) er
It follows from Formula (1.2.11) that one can compute
Ty, Hilb"(A%) = 4 (0p2)— (52, -%2)
=Y (Op2)— % (Op2 — O, Opo — Oy)
= 1(04)= 2(00 = 0)1(On:— 0,77 (0)
= 1(0)= (20011 (01)= 2O V2 = Vs 1 (O) + Vi Vs 1)
= 2(04) = [2(0p2) = V2= Vot  + V2V, (1= 1)1~ 15)]
=V + Vit b=V V(1—1)(1— 1)

(1.2.14)

Exercise 1.2.33. Let A+ n be a partition. Prove! that

(1.2.15) y, Hilb" (a%)=>" 1! R

geA

Example 1.2.34. Let us confirm the conclusion of Exercise 1.2.33 for n < 3.
n=1. Equation (1.2.14) gives
T Hilb' (A =1+t t,—(1— )1 — t,) = t; + L.
On the other hand, Equation (1.2.15) gives
THilb (A% =2t} + £ t) = + 1,,
as desired.
n=2. Here we have two partitions to consider. We have
VH=1+tf1, Vm=1+1t,"
So Equation (1.2.14) gives
THHiIbZ(AZ)z L+ + 1+ )b -1+ 0)1+ 51— 1)1 —5)
=h+hL+ti+t
ToHIb (AN =1+ +(1+ ) — 1+ )1+ £, )1 — ) (1— 1)
=h+bh+ti+nt!
On the other hand, Equation (1.2.15) gives
THHiIbZ(AZ)z(tl‘1 L+ P )+ (1 + 1))
=h+h+ti+t'
ToHIb (A% = (02 + 1,6, ) + (Lt + £ 1))

=h+h+ti+nt,"

IThis has been known for a while but I do not know an “old” reference; a recent proof is given in [36, Lemma 2.1].
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n =3. Here we have three partitions to consider. We have
Mrmmie et elete petegteg!

So Equation (1.2.14) gives

Tro=1+t" + 52 +(1+ L+ )t —(1+ o+ )1+ 6, + 52 1—1)(1—5)
=h+bh+o+0+0t 0t

TE: L+t 4+ 172+ A+ + ) — 1+ + )1+ 6 + 51— 6)1—5)

=h+bh+r+ 0+ L+
TBj=1+ G A+ ) -1+ + )1+ + 51— 6)1—5)

-1 t2

=20 +26+ 10t + 1t

On the other hand, Equation (1.2.15) gives

T11) = (058 + 06+ + 0t )+t 6+ 6 1)

= htbh+i+G 0t ot

-2 3.0 -1 2.0 0 0
(7P + 2+ (6 o+ 7 )+ b+ 0 1)

LT
Il

(1.2.16)
= htbh+ti+ i+

TB:‘ = (2425 )+t + 0 )+ () b+ 6t)

2.1 —1.2
26426+ t0 8, 178



2 Motivic techniques

2.1 Grothendieck ring of varieties and attached gadgets

2.1.1 Absolute setup: motivic measures and zeta functions

The Grothendieck ring of complex varieties Ky(Varc) is the free abelian group generated by isomor-
phism classes [ X ] of C-varieties, modulo the scissor relations, namely the relations

[X]=[Y]+[X\Y]

whenever Y C X is a closed subvariety. The group structure agrees, on generators, with the disjoint
union of varieties and has neutral element 0 = [(]. The fibre product defines a ring structure on
Ky(Varg), with neutral element 1 = [SpecC]. Every constructible subset Z c X of a variety X has a
well-defined motivic class [Z], independent upon the decomposition of Z into locally closed subsets.
One could also perform a similar construction with schemes (or algebraic spaces) over C instead
of varieties, but the resulting Grothendieck rings would come out isomorphic to Ky(Varc). By the
scissor relations, the motive of a scheme agrees with the motive of its reduction, so [—] is insensitive
to scheme structures.

The classes [ X] of honest C-varieties in Ky(Varc) are called effective. A key example is the Lefschetz
motive

L=[A']€ K,(Varg).

The ring Ky(Var¢) has the following universal property. Suppose R is aring and w(—)is an R-valued
invariant of algebraic varieties, such that

o w(pt)=1,

o w(® =0,

o w(X xY)=w(X)w(Y)for every two varieties X and Y, and

o w(X)=w(Y)+w(X\Y)for every variety X and closed subvariety Y c X.

Then there is precisely one ring homomorphism w: Ky(Varc) — R sending an effective class [X] to
w(X) € R. Ring homomorphisms out of Ky(Varc) are called motivic measures, or generalised Euler
characteristics, or realisations [13, 33]. The key examples are the following. If Y is a complex variety,

one can consider

(i) The Hodge characteristic

odge(Y) = > (1HL(Y, Q)] € Ky(HS),

i20
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where HS is the abelian category of Hodge structures, and the vector space Hé(Y, Q) is equipped
with Deligne’s mixed Hodge structure [11, 12].

(ii) The Hodge-Deligne polynomial
E(Y;u,0)= ) (=) hPI(HL(Y,Q)u” v € Z{u,v],
p.q,i
where h79(H E(Y, Q)) is the dimension of the (p, g)-component of the mixed Hodge structure
Hi(Y, Q).
(iii) The weight polynomial (u, v+ z'/?)
w(Y,z"2)= > (1) PIHL(Y, Q)22 € 7[2V7)
p.q,i
which coincides with the signed Poincaré polynomial
p(Y,—2"%)= " dimg H'(Y,Q)(—="*)
i>0

if Y is smooth and projective.

(iv) The compactly supported Euler characteristic (z'/? — 1)
2e(Y)=w(Y,1)=> (-1) dimgH.(Y,Q) € Z,
>0
which can be shown to equal the topological Euler characteristic y(Y')[23, p. 95 and pp. 141-
142].
Remark 2.1.1. It is possible to obtain homomorphisms

Ky(Varg) — Ko(MHS) = Z[u, v] — Z[z*] - Z

with slightly different specialisations, but with our choice we ensured that all specialisations are
homomorphisms of pre-A-rings, just as in [10, Sec. 1.4]. Note that these homomorphisms, the way
they have been defined, send

2041
L= [H(A,Q]— uvz—1.

The key features of Ky(Varc) to keep in mind, which will be used constantly throughout, are the
following:

(a) If X — B is abijective morphism, then [X]=[B]in Ky(Varc).
(b) If X — B is a Zariski locally trivial fibration with fibre F, then [X]=[B][F]in Ky(Varc).
Exercise 2.1.2. Prove (a) and (b).

As a special case of (a), consider a scheme X along with locally closed subschemes 7, ..., Z, such
that the disjoint union of the locally closed immersions Z; 1111 Z, — X is a bijective morphism (in
this case we say that Z,,..., Z, form a stratification of X, and we write X = [ [, Z; with a slight abuse
of notation). One then has an identity [X]=)_,,,[Z;]in Ky(Varc). For instance, P" has the same
class as the scheme ptIIA'II---IIA"”, namely 1 + L +---+L",
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Example 2.1.3. The class of the Grassmannian Gr(k, n) of k-planes in C” is the ‘L-binomial coeffi-
cient, namely

[n]!
2.1.1) [Gr(k,n)]zm, [a]lel_[(Lk_l).

Throughout we adopt the conventions [Gr(k, n)]=0=[P¢]if k> n ore <0.

Every complex variety X has an associated zeta function { x(t), introduced by Kapranov [32]. It is
defined as

2.1.2) gx(t)=2[symd(X)]rd €1+ 1 Ky(Varg)[].

a=0

It satisfies, for every integer n = 0, the identities

Canxx(t)=Lx (" ¢), Cxuy (8)=Cx(£)Z v (1),

from which one deduces
n

1 1
o(T)= ) n(T)= —.
Lol)= T Col0) ];!HW

2.1.2 Relative setup: main structures and operations

Relative motives

Fix a scheme S locally of finite type over C. The Grothendieck ring of S-varieties
Ky(Varg)

is the free abelian group generated by isomorphism classes [X — S] of S-varieties modulo the scissor
relations, namely the identities

[x L8] =[v 25 s]+[x\ v 2% 6]

imposed whenever Y C X is a closed S-subvariety of X. The ring structure is given on generators by
fibre product over S,
(2.1.3) [X —=S]-'[Y —>S]=[Xxs Y —S].

The neutral element for the sum is [} — S], whereas for the product it is the class [id: S — S] of the
identity. Clearly, the case S = SpecC recovers the ring Ky(Var¢) of Section 2.1.1. The element

L=[A'xc S — S] € Ky(Varg)

is again called the Lefschetz motive (over S). If S’ is another complex scheme, there is an external
product

(2.1.4) Ky(Varg) x Kp(Varg) —2 Ky(Vargys)

defined on generators by sending ([f: X — S],[g: X' = S'D)—[f xg: X x X' = Sx §'].
A morphism f: S — T induces a ring homomorphism f*: Ky(Vary) — Ky(Varg) by base change
and a Ky(Vary)-linear map f;: Ky(Varg) — Ky(Varr) defined on generators by composition with f.

Definition 2.1.4. We denote by S)(Vars) the semigroup of effective motives, i.e. the semigroup gen-
erated by isomorphism classes [X — S] of complex quasiprojective S-varieties modulo the scis-
sor relations. The product (2.1.3) turns Sy(Varg) into a semiring. There is a natural semiring map
So(Varg) = Ky(Varg), and we say that a motivic class a € Ky(Varg) is effective if it lies in the image of

this map.
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Equivariant motives and the quotient map

Recall that if S is a scheme with a good action by a finite group G (i.e. an action such that every point
of S has an affine G -invariant open neighborhood), the quotient S/G exists as a scheme. For instance,

finite group actions on quasiprojective varieties are good.

Definition 2.1.5. Let G be a finite group, S a scheme with good G -action. We denote by I?OG(Va rs) the
free abelian group generated by isomorphism classes [X — S] of G-equivariant S-varieties with good
action, modulo the G-equivariant scissor relations. We denote by KOG (Varg) the quotient of EOG(VarS)
by the relations

[V=X—=S]=[A} =X —=S]

where V — X is a G-equivariant vector bundle of rank r over a G-equivariant S-variety X — S.
Notation 2.1.6. Sometimes we write [X — S, G] to remember the group action.

There is a natural ring structure on EOG (Varg), where the product of two classes [X — S] and
[Y — S]is given by taking the diagonal action on X xg Y. The structures f*, fi and X naturally
extend to the equivariant setting, along with their basic compatibilities. For instance, if f: S — T
(resp. g: S’ — T’) is a G-equivariant (resp. G’-equivariant) map, and @,  are equivariant motives

over S, S/, then

(2.1.5) (f xghlarp)=fiaxgp

in the (G x G’)-equivariant K -group over T x T".
Recall that, since the G-action on S is good, S/G exists as a scheme. One can define a Ky(Varg,g)-

linear map (cf. [10, Lemma 1.5])
(2.1.6) RE(Varg) % Ky(Vars;q)
given on generators by taking the orbit space,

nglX — S]=[X/G — S/G].

This map does not always extend to K (Varg). It does when G acts freely on S, by [6, Lemma 3.2].

Lambda ring structures

Let n > 0 be an integer, and let &,, be the symmetric group of n elements. By [10, Lemma 1.6], namely
the relative version of [2, Lemma 2.4], there exist “n-th power” maps
2.1.7) Ko(Vars) 5 RS (Varg,)

where S” =S x --- x S is endowed with the natural G,,-action. The power map takes [f: X — S] to the
class of the equivariant function f”: X" — S". For A € Ky(Varg), consider the classes

e, (A®") € Ko(Varg.e,) = Ko(Varsyme(s))-
The ring Ky(Varc) is a lambda ring, in which the lambda ring operations are defined by

A 0"(A)=rng, (A®") € Ky(Varc)
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for effective classes A € Ky(Varc), and then taking the unique extension to a lambda ring structure on
Ky(Varc), determined by the relation

2.1.8) Za"([X]—[Y])a"-"[Y]:a"[X].
i=0

If S comes with a commutative associative map v: S x S — S, we likewise define
o(A) =g, (A®") € Ko(Var)

on effective classes A = [X — S], where V is the map Sym"(S) = §"/&,, — S. One then uses the
analogue of the relation (2.1.8) to find a unique set of lambda ring operators ¢’; restricting to the
previous identity on effective motives.

As a special case, one can consider (S, v) = (N, +), viewed as a symmetric monoid in the category
of schemes. We obtain lambda operations " = o} on Ky(Varc)[¢] via the isomorphism

(2.1.9) Ky(Varg)[t] —— Ky(Vary)

defined by sending >, o[ Y, 1t + [[ .en ¥ — NI

neN

2.1.3 Power structures
The main references for power structures are [24, 25].
Definition 2.1.7 ([24]). A power structure on a (semi)ring R is a map

(1+tR[t])x R — 1+ tR[t]
(A(t), m)— A(t)"

satisfying the following conditions:
1. A1) =1,
2. A(t) = Ae),
3. (A(r)- B(r))™ = A(z)™ - B(t)™,
4, A(t)™m = A(£)™ - A(t)™,
5. A(t)"™ = (A(t)™)™,
6. 1+8)"=1+mt+0(t?),
7. AD™, . = AlEe)m
Throughout we use the following:

Notation 2.1.8. Partitions a - n are written as @ = (1% --- % --- n%), meaning that there are a; parts of
size i. In particular we recover n =Y. ia;. The automorphism group of a is the product of symmetric
groups G, = [; &,,. We set ||a|| =, a;. We denote by P the set of all partitions (of varying length).

Example2.1.9. If R=7Z, A(t)=1+), _,A,t" €Z[t] and m €N, the known formula [42, p. 40]

n>0

[la|l—1 a; [la|l—1 a;
LCEON ) (CRVBTEAEEES Wl (e I

defines a power structure on Z. For m € Z, say m = k — [ with k,! € N it is enough to define
A()" = A (A
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Gusein-Zade, Luengo and Melle-Herndndez have proved [24, Thm. 2] that there is a unique power
structure
(A(r), m) — A(£)"

on Ky(Varc) extending the one defined in loc. cit. on the semiring Sy(Varc) of effective motives. The

latter is given by the formula

(2.1.10) A(t)[X]=1+ZZﬂGa([l_[X“"\A]-nA?a’)t”.

n>0atn

Here, A C ]_[l. X% is the “big diagonal” (the locus in the product where at least two entries are equal),
and the product in big round brackets is a G,-equivariant motive in EOG” (Varg), thanks to the power
map (2.1.7).

An easy but somewhat crucial remark is that, if A(£)=(1—t)"", one has
A == ey =2x(n),
where {x is the Kapranov zeta function introduced in (2.1.2).

Remark 2.1.10. We will not encounter non-effective coefficients here, so we will have direct access
to Formula (2.1.10).

2.1.4 Motivic exponential

The motivic exponential is a group isomorphism
(2.1.11) Exp: t Ky(Varg)[t] —— 1+ tKy(Vare)[¢],

converting sums into products and preserving effectiveness. If A=’

Exp (ZAnt") “TTa-e™,

n>0 n>0

. .
ns0Ant" is an effective power

series, one has by definition

and if A and B are effective, one sets

-1
(2.1.12) EXp(A_B):l_[(l_tn)_A"'(l_[(l—t")_B”) .

n>0 n>0
More generally, if (S, v: S x S — S) is a commutative monoid in the category of schemes, with a

submonoid S, c S such that the induced map [ [, S} — S is of finite type, we similarly define

Exp,(4)=Y_o(A)

n=0

on effective classes, and for A and B two effective classes, we define Exp,(A — B) by the analogue
of (2.1.12), i.e. by Exp,(A) - Exp,(B)™!. If (S, v) = (N, +), we simply write Exp instead of Exp_, as we
recover (2.1.11).

Example 2.1.11. For any variety X, we have
ExpX]t =(1— 1) =¢x(2).

Caution 2.1.12. Note that Exp does not behave well with respect to variable substitution, e.g. Exp(¢) =
(1—1)"' but Exp(—t)=1—1t #Exp(t)|,—_; =1+ )7\



Chapter 2. Motivic techniques 33

2.2 The Denef-Loeser motivic zeta function

Denote by J,, and ], the functors of n-jets and the arc space respectively. Let Y be a smooth variety
of dimension d > 1, and let f: Y — A! be a nonzero regular function with associated hypersurface
Y, = f71(0) C Y. We have an induced morphism f,,: J,Y — J,A! = A"*!, Consider the ‘order function’

or

JA —29 s NU{oo}

sending an arc y € J,A! (viewed as an elementy=>_.., 7.t° €C[t]/t"!) to

min{e€N|ye#0} ify#£0
oo} ify=0.

(2.2.1) ord,(y)=

Consider the locally closed subsets
Xf,n Z{yEJnY |Ordtfn(7,)=n}C]nY

for n > 1. These are naturally Y;-varieties via the projection 7 : J, Y — Y sending an arc to its base
point, so we have well-defined relative motives [X} , — Y;] € Ky(Vary,).

Consider, for n > 1, the function
X, -1 G,
Yy — a,
defined by sending an arc y such that ord, f,,(y)=a,t" to the scalar a,, € G,,. Form the fibre
Xpn1 — Xpn
I
1l ——— G,

so that, set-theoretically, X’ 'r,n,1 CONSIsts of arcs y such that f,,(y) = t". Now, there are actions

G % Xf,n —) Xf,n

I I

Unp ><'/Yf,n,l —) Xf,n,l

defined as follows. Take A € G, and y € &} ,,, so that f,(y)=at" for some a € G,, — in other words,
a =Tn(y). Define the arc A-y: SpecC[¢]/t"™ — Y as

SpecClr]/t"*! LN SpecC[r]/t"*! Ty,

where the first isomorphism sends ¢ — At. This way, we have that f o(A-7): SpecC[¢]/t" — Al =
SpecC[t] corresponds to

Cle)/t™! 5 fo(A-7)t)= foy(At)=a(At)" = A" (at")=A"(f o y(2)).

In other words,

fn()L-‘}’):Ana,
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which confirms at once that A - y has order n and that u, = SpecC[¢]/(¢" —1) acts on X} ,, by
restriction. We obtain equivariant classes

(X1 — Yo,0] € MY,
where (i = l'&nu,,. Define the motivic zeta function attached to the pair (Y, f) as the power series

Z(T)=> 1Xp iy — Yo, AILT"T" € MYy

n=1

This power series is rational, as we now explain. The key result is the principalisation theorem.

THEOREM 2.2.1 ([4, Thm. 1.10)). Let Y be a smooth variety, .¢ C Oy an ideal sheaf with associated

closed subscheme Z c Y. There exists a proper birational morphism
Yy 5y
such that
(1) = is a composition of blowups with smooth centres, and
(2) the ideal sheaf 9 =1*.9 - Oy C Oy defines a simple normal crossing divisorn='Z c Y.

Consider any embedded resolution 7: ¥ — Y of (Y, f) as in Theorem 2.2.1. Letting ¥, taking the

role of Z, suppose 1Y is of the form ), _; N; E; when viewed as a simple normal crossing divisor.

ie]

Also define integers v; by the identity K, =, ;(vi—1)E;. Forasubset I C J, set
m;=gcd(N;|iel).

Form the diagram
V) — VYxpu Al — ¥
T

Al —— A,

where A} — A} sends u — t™ and YIV — ¥ xu A] is the normalisation map. For i € J and a

nonempty subset § # I C J, consider the (smooth) subvarieties of ¥ defined as
E;=E\|JE
J#i

Elszi

iel

E;=E\ | E;.

jeI\I

The map g; in the pullback diagram

is an unramified y,, -Galois cover, so that in particular we get a good f-action on E - We thus obtain
equivariant classes

(B — Yo, 0] € MYy,
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THEOREM 2.2.2 ([14, 33]). In /\/l‘{,o [T] there is an identity

L TN

/()= > @-0""E = %] |
i€l

gAICT
For every point x € Y, there is a “fibre map”
M,;O Fib, Mé

defined on generators by [U — Y, ] — [U xy, k(x), &].
Definition 2.2.3 ([13, §3]). Given f: Y — Al as above,

L yYp=—limy_,o Zp(T)€ M‘;O is called the motivic nearby fibre,

2. MF; . =Fib,(y )€ Mé is called the motivic Milnor fibre of f at x, and

3. pr=y—1=¢;—[id: Yo — Y€ /\/l’;o is called the motivic vanishing cycle of f .

Note that the limit of Z;(T) makes sense because the motivic zeta function is rational by Theo-
rem 2.2.2. More precisely, to obtain i/, one has to expand Z;(T) in T~' and take minus its constant
term. In fact, one has

Yr= > (-LVTE - v, ) € MY
B#Ic]

2.3 Bialynicki-Birula decomposition

We recall the classical result of Biatynicki-Birula. Recall that a smooth G,,-variety X is semiprojective

(with respect to the considered action) if the following conditions are satisfied:
(1) the fixed locus X®n is proper, and
(2) forevery x € X, the limitlim,_,, ¢ - x existsin X.

In particular, if X is a projective G, -variety, then it is automatically semiprojective.
The second condition means the following. Fix x € X. To say that ‘the limit exists’ means that the
family

-

G, — X
I —— t-X
extends over the origin to a morphism A' — X. For X a moduli space such as the Hilbert scheme,

this is clearly a flatness condition: for instance, and this will be the key example for us later, given
[I]€ Hilb"(A?), we say that the limit lim,_,q ¢ - [I] exists in Hilb"(A?) if there is a commutative diagram

G,, —— Hilb"(A2)
\[ v“.W
Al

Note that the morphism G,,, — Hilb"(A2) is there by default: it is the restriction of the action to the
slice G, x [I]. The morphism A! — Hilb"(A?) exists if and only if the G, -family extends flatly to A!.
Finally, it is worth noting that such condition depends on the G,,-action: being semiprojective is a

property of the G-action on X, not of X alone!
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THEOREM 2.3.1 (Bialynicki-Birula [3, Sec. 4]). Let X be a smooth semiprojective G, -variety. Let

xo=1]x

1<isr

be the decomposition of the fixed locus X®» C X in its connected components. Then,

(1) foreachi=1,...,r there exists a unique smooth locally closed G, -invariant subscheme X;r cX
along with a morphismy;: X — X; such that

o X; is a closed subscheme ofX;r )

o y; is an affine fibre bundle.
(2) for every closed point x € X;, one has
(X = 0™ e LX),
where T,(X)/%, resp. T.(X)*, denotes the G, -fixed, resp. positive part of T,(X). In particular,
since T,(X)™ = T, X;, the rank ofy;: X;" — X; is equal to dim¢ T,(X)* for x € X;.

(3) The natural morphism

[[x— x

1<isr

is bijective. In particular, there is an identity

2.3.1) [sz}i[XﬂfT

1<i<r
in Ky(Varg), where
d} =ranky; = dim¢ T (X)*

for an arbitrary closed point x € X;.
The proof of this theorem is constructive: one defines

Xj:{xex

limt-xeX,}CX.

t—0

Example 2.3.2. Let X = P? = ProjC|x, y, z]. Consider the action of G,, with weights (2,1,0). Then
p1=(1:0:0), p,=(0:1:0)and p; =(0:0:1) are the fixed points. We have

— 2
Xj_{peP

imy-p=p |
for i =1,2,3. Therefore we have 3 cells which are affine spaces, as the fixed locus is isolated. But
lim, ,ot-(a:b:c)=lim, ,o(t?a:tb:c),so the cells X/ are as follows.

1. i =3: Any point with ¢ # 0 flows to ps, as
(f2a:th:c) —=2— (0:0:¢)=(0:0:1).
Therefore X;" =D, (z) = A%
2. i=1:theonly p=(a:b:c)thatflowsto p; =(1:0:0)is p, itself, so X;" = pt.

3. i=2: here we look at points p =(a : b : ¢) with ¢ =0 (otherwise we automatically flow to p;, see
item above) and b # 0 (otherwise we flow to p;), and we want lim, _,o(2a: tb :0)=1lim,_,(ta:
b:0)=(0:1:0),s0 X; =V,(z)ND,(y)=SpecC[x/y]=Al.
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Allin all, the Bialynicki-Birula decomposition of P? with the above action' is the classical cell decom-
position P2 = A2ITA' IT pt.

Example 2.3.3. The smooth variety X = A2 = SpecC[x, y] with the action ¢ -(a, b)=(ta, t"'b) is not
semiprojective. Indeed, for p =(a, b) € D(y) C A?, one has

lim¢-p=lim(ta, t'b)=(0,00)¢ A°.
t—0

t—0

One can still construct the (unique) BB cell

XJz{peAz

im-p =0}
corresponding to the unique fixed point 0 € A, but X" is isomorphic to SpecC[x, y]/y = A'. There-
fore the (unique) BB cell does not cover X.

The previous example can be remedied as follows.

Example 2.3.4. The smooth variety X = A?> =SpecC|x, y] with the action ¢ -(a, b)=(t"a, t b) such
that N > 0 is semiprojective. Indeed, given the unique fixed point 0 € A%, we have

XJ:{(a,b)eAz

nm(tNa,tb)zo}:AZ.
t—0

In other words, every point flows to the origin and no point ‘escapes at infinity’ as in the previous

example.

2.4 The motive of the Quot scheme of points on a curve

PROPOSITION 2.4.1. Let C be a smooth projective curve over C. Fix a locally free sheaf E of rank r on
C. Then Quot(E, n) is a smooth projective variety of dimension rn.

Proof. Let E — Q be a surjection with kernel K. To confirm smooothness, it is enough to show that
Ext!(K,Q) = 0. But Ext}(K, Q)" = Hom(Q, K ® w), which vanishes since Q is 0-dimensional and
K ® w( is torsion-free. The dimension is computed as dim Hom(K, Q)= h°(C,KV®Q)=h°(C,Q%")=
ho(C,Q)° =rn. O

We wish to apply Theorem 2.3.1 to Quot¢(E, n). The first step is to endow the Quot scheme with
a torus action. For this, we need E to be split.

LEMMA 2.4.2 (Rank reduction). Let X be an algebraic variety. Let E =L, ®---® L, be a split vector

bundle over X. Then the algebraic torus T = G:n acts on Quotx(E, n) and
r
Quoty(E,n)" =[] [ [Hib™(x).
m+-+n,=n j=1

Proof. This is a special case of the main result in [5]. O

Let X = C be a curve from now on, and let £ = L; ®---® L, be a split vector bundle. The
connected component of Quot¢(E, n)T indexed by the r-tuple n = (n,..., n,) will be denoted Q,,.
Then Theorem 2.3.1 tells us that we have a stratification

Quotc(E,n)=] JQi

You will get the same result if you take arbitrary decreasing weights a > 8 > 0.
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where Q" — Q, is an affine bundle. Since

Qn %]L[Sym”“(c),
a=1

the motive of the base is known. We only need to compute the dimension of the fibre of Q" — Q,,.
Let p € Q,, € Quot(E, n)T be a fixed point, so that

T, Quot¢(E, n)=Hom¢(K, T)

is a T-representation. By Lemma 2.4.2, p has the form

.....

where of course T =, T, and y(T,) = n,. Then

Hom¢(K,T)= P Homc(K,, Tp).

1<a,f<r

As a T-representation, we have

T, Quot¢(E, n)= @ Hom(K, ® wg, Tg ® wpg)

1<a,B<r

= @ Home(K,, Tp)ewsw, "

1<aq,B<r

The positive part of the tangent space, then, namely the part with positive weights, is computed as

T’;r Quotc(E,n)= @HomC(Ka, T3)® wg w, .

a<p

We are interested in the dimension of this vector space. We compute

dim TPJr Quotc(E,n)= Z dimHom¢(K,, Ty)

a<f

= Z dimH(C, K* ®,, Ty)

a<f

It follows from Equation (2.3.1) that

Q1= l_[ [Sym”«(C)]- L2<p<r =1
a=1

(2.4.1) zl_[[Symn“(C)]'l_[L[a_l)"“
a=1 a=1
= Trsym(cyie.
a=1

Form the generating function

Quot ()= [Quotc(E, n)]t".

n=0

We can now prove the following.
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THEOREM 2.4.3. There is an identity

Quoty (1) =] [ @ o).
a=1

Proof. We compute

Quotp(1)=>t" > [Q;]

n=0 ny++n,=n

:Z " Z ﬁ[symna(c)]L(a—l]na

n=0 m+-+n,=n a=1

S [ isymm e e

ny,..,n, 20 a=1

2 lL[[Sym”“(cn(L“—lt)"a

ny,...n.20 a=1

1_[ ZoL*y). O
a=1

In terms of the motivic exponential, since we have Exp([X]t) = (1—t) X1 =y (¢) for any variety X

and we have the transformation rule
Exp(L'[X]t)=(1— )M =1-L ™M =¢y (L),

we may rewrite

Quotg(t)= lL[ Exp(L*}[C]t)= Exp(Z]L“_l[C]t) =Exp([P"" x C]t).

a=1 a=1
With very little effort, one can show via power structures that this formula holds for all smooth
quasiprojective curves and for all locally free sheaves E, not necessarily split.

2.5 The motive of the Hilbert scheme of points on A?

Let S be a smooth complex quasiprojective surface. Consider the generating function
Hilbs(t)=Z[HiIb”(8)]t" e Ky(Vare)[t],
n=0

In this section we shall find a formula for Hilbg(#) in the case S = A2. The case of an arbitrary surface
will be handled in ?? thanks to the power structure machinery.

We know that Hilb"(A?) is acted on by T = G?, with isolated fixed locus. Each fixed point corre-
sponds to a partition of n, i.e. a Young diagram A of size |A| = n. Explicitly,

L=(x"y’|(i,j)¢A) cClx, y]

is the ideal corresponding to A+ n. The first step is to use a subtorus G,, c T with the same fixed
locus. This can be achieved by acting with algebraic (on functions) weights (N, 1) such that N > 1,
namely setting up the action

t-(x,y)=(t"x,ty),

so that t €G,, acts on an ideal [I] € Hilb"(A2?) via

(2.5.1) t-Iz{f(tNx,ty)}f(x,y)eI}C(C[x,y].
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We already know that the action with weights (1,—1) does not make A2 = Hilb'(A2) semiprojective,
cf. Example 2.3.4, and one can show the same for n > 1 as well. However, we have the following result.

LEMMA 2.5.1. The smooth scheme Hilb"(A?) along with the G, -action (2.5.1) is semiprojective for all
nz1.

Proof. Clearly there is an identity Hilb"(A?)T = Hilb"(A2)®», so properness of the fixed locus is im-
mediate. We need to confirm that limits exist. Let [I] € Hilb"(A?) be a point. We have to extend the
map
G, — Hilb"(A2)
t — t-[I]
to Al
For a monomial x*y?, set

wt(x*y?)=aN +b.

Let f=3,, CapX*y? € R=C[x, y]. Define

mg :min{wt(x“yb) | Cab 750}’

so that
t-f= Z Cab taNJrhxayh — Z Cab twt(xayb)xayb
a,b a,b
=™ ( Z cap X y" + higher weight terms).
wt(xayb)=m;
Define

inw(f)= D, capxy’

wt(xayb)=mg

to be the initial form of f with respect to the weights (N, 1). Let now [I] € Hilb"(A?) be a closed point.
Define

inv, (1) = (ingv,1y(f) } fel)cR.

This s the initial ideal of I with respect to the weights (IV, 1). Itis this ideal that will fillin the G, -family
we started with at the origin.

We wish to construct an ideal I ¢ R[t] = R ®c C[¢] (this corresponds to a closed subscheme
7 c A? x SpecCJ[t]) such that

(1) over t #0, the ideal Tt corresponds to the ideal ¢ - I, and
(2) R[t]/Tis C[t]-flat.
Consider the (exhaustive, bounded below) filtration on R given by
R<d=Span{x“yb | aN+b<d}cR.
It satisfies R¢o =C and R¢, - R¢, C R¢,44.. We obtain an induced filtration

I<d = IﬂRgd,
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which we use to define the Rees ideal

[= 1cqt” cRI2].
d>0

We leave it to the reader to verify that this ideal has the desired properties. To check flatness, it is in

fact enough — after having confirmed (1) — that the colength over the origin is equal to n. O

We are now ready to apply Theorem 2.3.1. Fix n > 2. Define the attracting cells

1 ={ 1 eHilb" (4%

lime-I=1, } C Hilb"(A2).
t—0
Combining Theorem 2.3.1 and Lemma 2.5.1, we obtain a locally closed stratification

HiIb"(Az):uH;

Abn

where each stratum H;' is an affine space of dimension
In particular, we have an identity of motives

(2.5.2) [Hilb"(A2)] = Z LY e Ky(Vare)
AFn

foreach n > 2.
PROPOSITION 2.5.2. For a partition A € P of size at least 2, there is an identity
d; =|Al+2,,
where A, is the number of columns in the Young diagram attached to A (cf. Notation 1.2.21).

Proof. Let A be a partition of n, and let I, ¢ C[x, y] be the corresponding monomial ideal. Denote by
a(0) and /(O) the arm-length and the leg-length of a box 0 € A. The tangent space

T, Hilb"(A?)
is a G? -representation, and by Exercise 1.2.33 it admits the expression
T Hilb"(4%)= 3 1@ 40O,
OeA

Now we restrict to the subtorus
Gu={(",1)|reCc*}cG?

and we count positive tangents. Make the formal substitution #, — ¢V and #, — t. This way, we see
that the first bit of the sum gives a contribution whenever /(0) = 0. But the boxes with trivial leg-length
are as many as the columns of the Young diagram corresponding to A, so this bit contributes precisely
A1. On the other hand, in the second bit of the sum every box contributes because #; approaches 0
much faster than ¢, and so no restriction on a(0) is present. This proves the desired formula. O

Note that, if A is the unique partition of size 1, then |A| + A; = 2, therefore Equation (2.5.2) also
works in the case n = 1 if one defines d by the relation in Proposition 2.5.2. The actual definition of
d} would give 1! Keeping this in mind, we can now finish the calculation.
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COROLLARY 2.5.3. There are identities

. 1 L2t
(2.5.3) Hilbse(1)= [ | s = B0 o |

m21

Proof. We have
Hilb . (1) =Z[Hilb”(A2)]t" - Z A A2

n=0 AeP
so the first identity reduces to the next lemma, taken with a = b = 1. The second identity is obvious,

by the very definition of Exp. O

LEMMA 2.5.4. For every pair(a, b) € N x N, there is an identity

1
_ Alp alAl+bA
(2.5.4) | |—1_Lam+h[m —Agpt L 1
€

m=1

in the subring A=Z[L][t] c Ky(Var¢)[t].

Proof. Write F,,(£)=(1—L*"*? ™)1 5o that

Fo=]1] W =] [Fu(o.

m>1 m=1

Note that

F.(t)= Z Lklam+b)gmk o g 4 pm g
k>0

so that Coeff,n F(¢) = Coeff v F1(£)F,(t)---Fy(¢) for every N > 1. We have

Coeffy Fy(1)Fo(t)+Fy(t)=Coeff,n [ D Lhnlamsb)pmbs
1<m<N k,, >0

_ ]Lkm(am+h)

Ky k>0 1<mMSN
> mky,=N

— Z ]LZ"’ kp(am+b)

AFN

where the last identity identifies the tuple k, with the partition A = (1% ... m*n ... Nk&v) - N. We may

rewrite

ka(am+b)=a2mkm +bka =alAl+b|Al|,

and hence

F(t) — Z tl/ll ]LaMIJrhIWI.
AeP

But we are summing over all partitions, and on this set there is the involution sending a partition to
its transpose A’ (exchanging rows and columns, and preserving the size). Therefore the formula is

equivalent to the sought after one. O

Example 2.5.5. Let us do a sanity check explicit example with n = 3. Expanding (2.5.3) to order 4 we
find
Hilbp(£)=1+L2+L31+L) 2 +L*A+L+LY)3 +---

so we should try and confirm that

[Hilb*(A%)]=L*Q+L+L%)=L3L+L>+L?%
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using the tangent representation. There are 3 partitions to consider, namely
p = I
Let us compute T; = T; Hilb®(A2) for all 3 partitions A. For instance, the first partition has

a(0,00=2,  1(0,0)=0
a(1,00=1,  1(1,00=0
a(2,00=0,  1(2,0)=0.

Recall from Equation (2.5.5) that we computed

TTT) = h+bh+t+6+n0t, +41,°

T = th+L+t2+ 82+ L+t
(2.5.5) ﬁ e !

26426+ 10 17 e

as

Sending , — ¢V and 1, — t, we find

T1=+ D)+ (2 + N+ (e + ) - LS
Tﬁz(tl2N+t3N)+(t1N+t2N)+(t+tN) - L
Tsz(tZ*N+t2N‘1)+(t+tN)+(t+tN) - LS

which confirms the formula (the negative tangents are highlighted in red).
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