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ABSTRACT

In this thesis we provide some new computations in enumerative and mo-
tivic Donaldson-Thomas theory. On the (classical) enumerative side, we com-
pute the zero-dimensional DT theory of abelian threefolds via their Kummer
schemes, and the local DT invariants attached to a smooth curve embedded
in a projective Calabi-Yau threefold. For the latter, we combine a weighted
Euler characteristic calculation for certain Quot schemes with a local study
of the Hilbert-Chow morphism. The result is a wall-crossing type formula re-
lating local Donaldson-Thomas invariants to local Pandharipande-Thomas
invariants.

On the motivic side, we define motivic DT invariants refining some of the
numbers computed earlier. We conjecture a simple motivic DT/PT correspon-
dencerefining the enumerative wall-crossing formula obtained previously, and
we provide some evidence.

A common approach for both enumerative and motivic calculations is the
study of a line in affine three-space: this local model carries enough infor-
mation to study the geometry of an arbitrary smooth curve embedded in a
smooth quasi-projective threefold.
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INTRODUCTION

The enumerative geometry of algebraic curves is one of the richest subjects
in modern Algebraic Geometry; itis particularly interesting in the case of curves
on threefolds. Here ahuge influence has come and is still coming from Physics,
especially String Theory. Heuristically, curves on Calabi-Yau threefolds are ex-
pected to move in 0-dimensional families, so one can ask for a suitable tech-
nology to count them.

A Calabi-Yau threefold is a smooth quasi-projective complex al-
gebraic variety Y of dimension 3, with a trivialization wy = Oy.

There are several ways to compactify the space of smooth embedded curves
on a threefold, in such a way that the resulting moduli space admits a virtual
fundamental class. The existence of such a class is a nontrivial portion of the
“technology” mentioned above, needed to define a functioning enumerative
theory. See for instance [64] for a survey on this subject, touching upon the
conjectures relating the existing curve counting theories.

We will only mention two such theories in this work, namely Donaldson—
Thomas theory and Pandharipande-Thomas theory. The former extracts enu-
merative invariants from the Hilbert scheme, viewed as a moduli space of
ideal sheaves, the latter from the moduli space of stable pairs.

Donaldson-Thomas (DT) theory, defined for complex threefolds, was born
when Thomas [78] constructed a symmetric perfect obstruction theory on com-
pact moduli spaces of stable sheaves on a threefold with trivial (or negative)
canonical class. Thomas also proved deformation invariance of the induced
virtual fundamental class. The interesting case for the enumeration of alge-
braic curves is the ideal sheaf case.

An ideal sheaf is a torsion-free sheaf of rank 1 with trivial deter-
minant.

Pandharipande-Thomas (PT) theory is younger [62], and the moduli space
is “smaller” than the Hilbert scheme: no free-roaming points are allowed. Both
DT and PT theory are sheaf theories. The associated moduli spaces can both
be interpreted as moduli spaces of stable objects in the derived category of the
ambient threefold. The numerical invariants remain unchanged under small
deformations of the complex structure on the underlying threefold, but they
are sensitive to a change of stability condition. The rules that govern these
changes are the so called wall-crossing formulas [41, 44].

A conjectural equivalence between DT and PT theory was first formulated
in [62]. This is the “DT/PT correspondence”, proved by Bridgeland [15] and
Toda [79]. Bayer interpreted it as a wall-crossing type formula in the sense of
polynomial stability [4]. We will explore a version of this correspondence later
in this work.

ix



So far we only talked about the numerical aspect of curve counting. But for
the sheaf counting theories on Calabi-Yau threefolds, there is a more “refined”
aspect, again with roots in theoretical Physics, see for instance [39]. Mathe-
matically, the existence of a refined theory remembering more than just the
numbers is suggested by a well precise fact: the obstruction theory used to
define the numerical invariants is symmetric; in this situation, a theorem of
Behrend implies that the associated counting invariants are computable by
means of cut and paste techniques, which is a first indication that the num-
bers may be nothing but a realization of some cohomology theory on the mod-
uli space. This intuition is sustained by the technical result stating that the
moduli space is locally a critical locus, that is, locally of the form

{df=0}cvV,

for some holomorphic function f on a complex manifold V. The natural sym-
metric obstruction theory on a critical locus admits a canonical motivic refine-
ment due to Denef and Loeser. None of this holds in Gromov-Witten theory:
the obstruction theory on the moduli space of stable maps is not symmetric.
In this thesis, these finer invariants will live in the ring of motivic weights
M, a convenient enhancement of the more familiar Grothendieck ring of
varieties. Therefore they will be called motivic throughout. The specialization
giving us back the numerical DT invariants is simply the Euler characteristic

%:MCHZ.

This thesis deals with the calculation of some local DT invariants, and with
the construction of natural motivic refinements of these numbers. The word
“local” refers to the fact that we fix a curve C inside our threefold Y and we
study the contribution of that curve to the global invariants, which enumer-
ate curves in the whole homology class of C. Our guiding strategy, for both
enumerative and motivic calculations, is to exploit the local model of a line

A'c Al

in affine space, the simplest (Calabi-Yau) threefold of all. Here is a summary
of the contents of this work.

THE FIRST TWO CHAPTERS contain the dictionary and the main tools and
theorems we will be using throughout, but no original results. After in-
troducing DT and PT invariants, we define the ring of motivic weights
and the central notion of virtual motive of a scheme; we compute virtual
motives for the three-loop quiver as an example to illustrate the tech-
nique used later on.

THE THIRD CHAPTER is a joint work with Martin G. Gulbrandsen in which
we compute the Euler characteristic of the generalized Kummer scheme
of an abelian threefold. The formula was conjectured by Gulbrandsen
in a previous paper, and allows one to compute Gulbrandsen’s version
of the degree zero DT invariants of an abelian threefold, which unlike
the classical ones are nonzero.



THE FOURTH CHAPTER is the content of an independent paper, in which
we compute the virtual Euler characteristic of the “Quot scheme of n
points” of the ideal sheaf of a curve in a threefold. For a rigid smooth
curve in a Calabi-Yau threefold, this calculation is equivalent to a “lo-
cal DT/PT correspondence” at C. We conjecture the correspondence to
hold for all smooth curves and we prove this is indeed the case in Chap-
ter 5.

THE FIFTH CHAPTER contains the proof of the DT/PT correspondence for
arbitrary smooth curves in Calabi-Yau threefolds. We exploit results
from the previous chapter, along with a local study of the Hilbert-Chow
morphism.

THE SIXTH CHAPTER proves that the Quot scheme of n points of the ideal
of aline in A3, is a global critical locus, just like the Hilbert scheme of
points of A3. This gives a canonical virtual motive for this Quot scheme.

THE SEVENTH CHAPTER applies two different strategies to compute the mo-
tivic partition function of the Quot scheme of a line in three-space. The
result is not entirely explicit, but we conjecture an explicit formula in
Chapter 8. We can, however, define a virtual motive for the Quot scheme
of an arbitrary smooth curve embedded in a smooth quasi-projective
threefold. Given the calculations of Chapters 4 and 5, this provides many
examples of motivic DT invariants in the projective case.

THE EIGHTH CHAPTER contains a conjectural explicit formula for the vir-
tual motive of the Quot scheme constructed in Chapter 6. We verify the
formula by hand up to 4 points.
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GEOMETRIC TOOLS

1.1 Moduli spaces

Let Y be a nonsingular, complex projective threefold. Fix an integer m and
a homology class p € H,(Y,Z). The main character of Donaldson-Thomas
(DT for short) theory is the moduli space of ideal sheaves

In(Y,p)={IzcOy|x(07)=m,[Z] =B},

which is canonically isomorphic to the Hilbert scheme of subschemes Z c Y
of codimension atleast 2[62, Section 2]. The main character of Pandharipande-
Thomas (PT for short) theory is the moduli space of stable pairs,

% (F)=m, [Supp F] =

The Hilbert scheme and the moduli space of stable pairs are isomorphic along
the open subscheme parametrizing Cohen—-Macaulay curves. Curves with iso-
lated points are routine in DT theory, but strictly forbidden in PT theory (the
cokernel of the section s : 0y — F is supported on the Cohen-Macaulay curve
Supp F c Y), which might explain why the PT moduli space is usually easier
to handle than the Hilbert scheme. The DT and PT moduli spaces carry a per-
fect obstruction theory of virtual dimension

@:quy

See [8, 9] for foundations on perfect obstruction theories and virtual funda-
mental classes. The virtual dimension vanishes in the Calabi-Yau case, when
c1(Y) = 0. Each perfect obstruction theory gives canonically a virtual fun-
damental class living in the Chow group Agy — Hag, of the moduli space.
When dg > 0 insertions are required in order to extract enumerative invari-
ants. These will always be integers. When dﬁ =0, the (DT, PT) invariants of
Y are defined as the degree of the associated 0-cycles classes,

DT};ﬁ:f 1, PT};ﬁ:f 1.
' [ (Y,)]vi ’ [P (Y,B)]vir

1.1.1 The Behrend function

Fi dimF =1, di o
Pm(Y,ﬂ):{ﬁyi)F‘ is pure, dim dim(cokers) =0 }

We now briefly recall why DT and PT invariants, unlike the (rational) GW in-
variants, can be computed “motivically”. Let Cx be the group of constructible



functions on acomplexscheme X. Thelocal Euler obstruction is awell-studied
group isomorphism
Eu: Z. X 5Cx.

Behrend [5] defined the distinguished cycle cx of X by considering the signed
support of the intrinsic normal cone of X. We recall a couple of definitions
from [5].

Definition 1.1.1. Let X be a complex scheme. The Behrend function of X is
VX:EU(Cx)GCX. <>

Definition 1.1.2. The virtual (or weighted) Euler characteristic of a complex
scheme X is the integer

;{WI(X):J deX:Z"X(V}I(”))' &
X nez

THEOREM 1.1.3 ([5, Thm. 4.18]). Let X be a proper scheme equipped with a
symmetric perfect obstruction theory. Then

f 1= yuir(X).
[X]vir

In particular, the “virtual count” of a proper scheme X does not depend on
the chosen symmetric perfect obstruction theory. The theorem implies that
DT and PT invariants of a Calabi-Yau threefold Y can be computed via cut-
and-paste techniques as the virtual Euler characteristic of the moduli space.
Sometimes we will write 7 instead of y.;. We will see the most important
properties of the Behrend function in action in Section 4.4.

Remark 1.1.4. Gromov-Witten theory is not motivic: the obstruction theory
on the moduli space of stable maps Mg (Y, B) is only symmetric over the open
(possibly empty) locus of maps which are immersions of a smooth curve. <

1.2 Critical loct

We sketch the well-known fact that a critical locus has a natural perfect sym-
metric obstruction theory. There is a natural motivic incarnation of the in-
duced virtual fundamental class, which will be recalled in Section 2.1.3.

Definition 1.2.1. A critical locus is a complex scheme Z of the form Z(df),
where f: V — Al is a regular function on a smooth scheme V. &

For moduli spaces of interest in sheaf counting, to be a global critical locus is
quite arestrictive condition. However, besides the obvious example of smooth
schemes, there are the following examples, all coming more or less directly
from moduli of quiver representations:

the Hilbert scheme of points Hilb” (A3), cf. Example 2.3.5;



1.2 Critical loct |

» The moduli space of stable pairs P, (X,¢[IP!]) on the resolved conifold
X, namely the total space of the rank two bundle Op:(—1,—1) over P1.
For a proof see for instance [76, Thm. 3.2]. This critical locus is obtained
by considering moduli of framed representations of the conifold quiver

N

[ ] e > [ ]
X2
\ Ye /
with respect to the potential W = x; (X, 1) — o 1 %0);

o The Hilbert scheme I,,,(X,¢[IP!]), where X is again the resolved coni-
fold. This can be inferred from the work of Nagao-Nakajima [56, Sec-
tions 2, 3].!

Let (V, f,Z) be a critical locus as in Definition 1.2.1, and let d = dim V.
If .# C Oy is the ideal of Z c V and we shorten s = df, the cosection sV :
Ty — Oy necessarily factors through .#, hence we can restrict it to Z to get a
surjection

sV, |, » /9%

Composing the natural inclusion C; , C Nz, with the closed immersion
Spec SymsV|Z Ny v — QV|Z’

we embed the normal cone C;,y as a d-dimensional subvariety of the rank d
bundle Qy|;. This embedding can be seen as a symmetric perfect obstruction
theory on Z in the sense of [9]. The associated virtual fundamental class is the
zero-dimensional cycle class

(1.2.1) [Z]" = 0*[Cy v € Ag(2),

where 0%: A;(Qy|7) > Ag(Z) is the inverse of the flat pullback isomorphism.

1.21  Vanishing cycles

Let (V, f,Z) beasin Definition 1.2.1. Notice that Z = V (df) is the singular
locus of the central fibre V; = f~1(0). For every point x € Z one can find a
small enough 0 < € <1 such that the restriction V;, = B¢(x)N f -1 (Ap)— Ay
is a topological fibration for 0 < < € < 1. This is called the Milnor fibration,
and its fibre F;  is called the Milnor fibreof f at x. All this can be summarized
in the classical picture

J

V < A
f J o l

O
{0} Al «—— A A%

X
n

1 We thank Baldzs Szendrdi for helping us identifying the right reference.

5
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| Geometric tools

and from here the nearby cycle functor v s : D (V) - D! (V) is defined as

Yy =i"'R(jop).(jop)F .

Here ch denotes the bounded derived category of sheaves with constructible
cohomology. The functor ¢ s : D? (V) — D? (V) of vanishing cyclesis defined
as follows: the complex ¢ ;7" is the cone of the adjunction map i7 -
Y ¢ 7. The nearby cycle complex and the vanishing cycle complex of f are
defined as

Ur=9yCy, r=0¢,C,.

The critical locus Z supports the vanishing cycles (the Milnor fibre at a smooth
point x € V;\ Z is contractible), and @ ; computes the reduced cohomology of
the Milnor fibre, in the sense that

H (@), 2 H(F,,,C).

Let v; be the Behrend function of Z = Z(d f). The value v, (x) is the “con-
tribution” of x € Z to the virtual Euler characteristic y.;;(Z). It is a deep re-
sult [65, Cor. 2.4 (iii)] that v, equals the Milnor function of f, the function
uy : Z — Z counting the “number of vanishing cycles”. The latter is defined
by

(1.2.2) pp(x) = ()% (1=y (F2)),

where as before d = dim V. The value ui¢(x) is sometimes called the Hodge
spectrum of f at x. For instance, when f =0, we have Z = V and v, = (—1).
Granting the identity v, = us, one can write

vz(x) = (=1)" (1 (F,0) 1)
= (=) (1) dim A’ (F; ,,C)
= () (1) dimH ().,
= (=" 1Jt(‘bflx)
This can be compactly rewritten as
(1.2.3) vy =(—1)""y (@) = y(@s[d—1]).

Aside 1.2.1. Formula (1.2.3) is the moral responsible for Donaldson-Thomas invari-
ants to “look like” Euler characteristics. In fact, a moduli space M of simple coherent
sheaves (or complexes) on a Calabi-Yau threefold is, locally around every closed point
p € M, isomorphic to a critical locus. This is a hard result [13, 10]. It can be proven
[12, 42] that the sheaves of vanishing cycles ® on the critical charts glue to a global
perverse sheaf ® on M, whose Euler characteristic computes the DT invariant,

f yydy= Z
>0

We refer to [77, Section 4] for a thorough definition of the cohomological DT invariant
H*(M,®).



Z MOTIVIC TOOLS

21 Grothendieck rings of varieties

All schemes are defined over C. Most of the material covered in this section
can be generalized to arbitrary fields, see [25] and [49] for nice surveys on the
subject. The conventions we will adopt later for our motivic computations are
those of [7]. We recall them here for completeness.

Definition 2.1.1. Let S be a variety over C.

() The Grothendieck group of S-varieties is the free abelian group K, (Varg)
generated by isomorphism classes [X] of S-varieties X — S, modulo the
scissor relations, namely the identities [Y] = [X] 4 [Y \ X| whenever X
is a closed S-subvariety of Y. The group K, (Vars) isaringvia [Y]-[Z] =
[Y x5 Z].

(i) We denotebyL = [A}] € Ky(Vars) the Lefschetz motive, the class of the
affine line over S. O

The class [X] € Ky(Varc) of a variety X is called its motive, or universal Eu-
ler characteristic. We write [X | when we wish to emphasize the base scheme.
Given a morphism f : S — T of complex varieties, we have an induced pull-
back map

f*: Ky(Varr) — Ky(Varg)

which is a ring homomorphism given by f*[X] = [X x 7 S] on generators. In
particular, Ky(Varg) is a Ky(Varc)-module. Composition with f also gives a
direct image homomorphism f; : Ky(Varg) — Ko(Varr), which is Ky(Varr)-
linear. The ring

M = Ko(Varg)[L7?]

is called the ring of motivic weights. The above maps extend to a ring homo-
morphism f*: My — Mg and an M r-linear map fi : Mg— Mr.

Definition 2.1.2. A morphism of schemes f : Y — X is a Zariski fibration if
there is a Zariski open cover X = | J,; X; and isomorphisms f~(X;) > X; x F;
over X;. o

When f is a Zariski fibration with fibres all isomorphic to a typical fibre F,
we will simply say f has fibre F. The most important tools for computations
in the Grothendieck ring, which we will use extensively, are the following:

e if Y — X isabijective morphism of varieties, then [X| = [V ] in Ky (Varc);
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| Motivic tools

e if Y — X is a Zariski fibration with fibre F, then [Y] = [X]-[F].

One can also define Grothendieck rings of schemes and algebraic spaces.
These are both isomorphic to Ky(Varc) by [16, Lemma 2.12]. The situation is
different with stacks. There is a Grothendieck ring of stacks

Ko(Stc),

generated by isomorphism classes of stacks of finite type over C, having affine
geometric stabilizers. We refer the reader to [26] or to [16, Definition 3.6] for
the precise definition. Here we simply recall that K,(Stc) can be obtained
from K, (Varc) in the following equivalent ways:

¢ by localizing at the classes of special algebraic groups,
e bylocalizingatIL and L’ —1 for i > 1,
« by localizing at the classes [GL,] for d > 1.

The motivic class of a quotient stack U /G is the quotient [U]/[G] when G is
special, but not in general. See [26] or [16, Lemmas 3.8 and 3.9] for a proof of
this fact.

Example 2.1.3. We will let GL; denote the class of GL, in K, (Varc) through-
out. As proved in [16, Lemma 2.6], one has

d—1 d
Gly=[ J@?-LH)=_® ] [ -).
i=0 k=1

Sometimes, one uses the shorthand [d] ! = HZ: L(IL¥—1). Then, the motive
of the Grassmannian can be computed as

[n]!

@.1.1) [&WWHZWEETEE

GKO(VarC). <>

The commuting variety and the Feit-Fine formula

We give an example of motivic classes in the Grothendieck ring of stacks
that will be important later on. Let V' be an n-dimensional complex vector
space and let

(2.1.2) Cp,={(A,B)€End(V)*|[A,B] =0} CEnd(V)*

be the commuting variety. Letting GL,, act on C, by simultaneous conjuga-
tion, one can form the quotient stack

C(n)=C,/GL,,

which is equivalent to the stack Coh,, (AA?) of finite coherent sheaves of length
n on the affine plane. Letting

[Cal

(2.1.3) %:wWHIGLEQSW)




2.1 Grothendieck rings of varieties |

be the motivic class of the stack C(n),' let us form the generating series

C(t) = &t" € Ko(Ste)[1].
n=0
The next result is a formula essentially due to Feit and Fine, but also proven

recently by Behrend-Bryan-Szendréi and Bryan—Morrison.

THEOREM 2.1.4 ([28, 7, 19]). One has the formula

co)=[ [ Ja-r**em)™.

k>1m>1

Aside 2.1.1. It has been known since a long time that the variety of pairs of commut-
ing matrices C,, is irreducible [54, 67]. The same is true for the space N, ¢ C,, of
nilpotent commuting linear operators, see [2] for a proof in characteristic zero and
[3] for an extension to fields of characteristic bigger than n /2. Premet even showed
irreducibility of N,, over any field [66].

211 Equivariant Grothendieck rings

Let G be a finite group.

Definition 2.1.5. A G-action on a variety X is said to be good if every point of
X has a G-invariant affine open neighborhood. &

Actions on quasi-projective varieties are good. Moreover, for agood G-action,

an orbit space X /G exists at least as an algebraic space.

Definition 2.1.6. Let S be a variety with good G-action. We let K¢ (Vars) be
the abelian group generated by isomorphism classes [ X, G| of S-varieties with
good action, modulo the G -scissor relation (over S). We define the equivariant
Grothendieck group KOG (Varg) by further quotienting out the relations

[v.G]=[Ag],

whenever V — S is a G-equivariant vector bundle of rank r. The right hand
side is taken with the trivial G-action. o

There is a natural ring structure on K (Varg) given by fibre product. If the
G-action on S is trivial, KC (Vars) becomes a K;(Vars)-algebra and there ex-
ists a natural K, (Varg)-linear “quotient map”

(2.1.4) ng : KY (Varg) — Koy(Varg)

given on generators by taking the orbit space. A similar story is true for the
rings

MG = RS (Varg)[L71/2]

./\/lg; = KOG (Vars)[]L_l/z]

1 The notation ¢, is as in [7, Section 2].

9
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| Motivic tools

which we refer to as rings of equivariant motivic weights. When the G-action
on S is trivial these rings become M g-algebras

Mg — M - M§,
and (2.1.4) extends to an Mg-linear quotient map
(2.1.5) ng: MS — M.
The map 7 extends to a ring homomorphism Mg — Mg when G is finite

abelian, but not in general. The following result will be used in Section 7.3.3.

LEMMA 2.1.7 ([7, Lemma 2.4]). For any n > 0 there exists a n-th power map
(=)™ M — M

defined by the property that for A € M¢ representing a quasi-projective va-
riety; A" is the class of the n-th power of that variety, carrying the standard
S, -action.

The monodromic motivic ring

Let u, = Spec C[x]/(x"—1) be the group of n-th roots of unity. One can
define good actions of the procyclic group

f=1limpy,
asactions that factor through a good 1, -action for some 7. The additive group
/\/l‘s4 also carries a commutative bilinear associative product * called the con-
volution product. See [25, Section 5] or [49, Section 7] for its definition. The

product » provides an alternative ring structure on the group of -equivariant
motivic weights, and restricts to the usual product on the subring

Mg c Mh

of classes with trivial fi-action. The main role of  will be played through the
motivic Thom-Sebastiani theorem, cf. Theorem 2.1.17.

2.1.2 Motivic measures

Quoting Looijenga [49],

“The ring M is interesting, big, and hard to grasp. Fortunately,
there are several characteristics of M (i. e. ring homomorphisms
from M. to aring) that are well understood.”

Ring homomorphisms with source Ky(Varc) or Mc are frequently called
motivic measures, realizations, or generalized Euler characteristics. We recall
some of them here. Fix S = Spec C.

Let Ky(HS) be the Grothendieck ring of the abelian category HS of Hodge
structures. The Hodge characteristic of a complex variety X, defined as

2n(X)=> (-1)[H (X,Q)]€ Ky(HS),

i>0



2.1 Grothendieck rings of varieties |

is a motivic measure. The E-polynomial is the specialization

E(X)= > (1)’ rP(HP (X, Q))uP v € Z[u, v)].
p,q=0

As E(A{) = uv, the E-polynomial can be extended to a motivic measure
E: Mc—Z[u,v,(uv)™?]

satisfying E(IL'/2) = (uv)'/2. Following the conventions in [7], the further
specialization
1/2 (uv)V? = g'/?

defines the weight polynomial W : M¢ — Z[q*'/?] and one has W (IL) = q.
The further specialization g'/2 = —1 recovers the Euler characteristic

)(ZMCHZ,

extending y : Ky(Varc) — Z. There is a natural extension [25, Section 2] to a
ring homomorphism

V& Mﬁ —Z.
The following definition will be central for us.

Definition 2.1.8. A virtual motive of a complex scheme X is a class { € Mg
such that y ({) = yyir(X). When X is a moduli space of sheaves on a Calabi—
Yau threefold, a virtual motive for X will be called a motivic Donaldson-Thomas
invariant. O

Remark 2.1.9. Motivic DT invariants can be nonzero when the numerical DT
invariants vanish. An example is the 0-dimensional DT theory of an abelian
threefold Y, which is trivial since

2vie(Hilb" Y) = (—1)" y (Hilb" Y) = 0 for n>0,

but the refinement ¢ = [Hilb" Y];, € M defined in [7] is nontrivial. &

2.1.3  The virtual motive of a critical locus

Let V be a smooth scheme of dimension d, and let f : V — A! be a regular
function with zero scheme 1} and critical locus Z c Vj,. We next recall the
definition of the canonical virtual motive [Z]y; attached to the pair (V, f).
Roughly speaking, to refine the numerical identity

vz =—(=1)"x (%)

obtained in (1.2.3) to a motivic setting, we are going to replace “—1” with L-1/2
and ® € D?(Z) with [¢ ] € MY, the relative class of motivic vanishing cy-
cles. For completeness, we wish to recall the definition of this class, due to
Denef and Loeser.

1"
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Let n > 1 be an integer, and let J, V be the space of n-arcs (also known as
n-jet scheme) on the smooth variety V. Its complex points are

J,V =Homg (Spec C[¢]/ ", V).
We are interested in smaller arc spaces, namely
Xp={re),V|ord, for(t)=n}cJ,v,
and the even smaller space
Xo1={rel,v | for(t)=t"(mod ")} cx,.

Under the truncation map J,V — V, the space X,, is mapped inside 1}, and
thisin particular makes X, ; into a ;-variety. Moreover, the natural G,,,-action
on X, restricts to a good u,-action on X,, ;, so we may consider the relative
equivariant classes
" o
[%n'l,‘u]vo EMVO

Definition 2.1.10. The power series

Zp(T) =D [Xn1, 0], L7 T" € MY [ T]

nx>1

is called the motivic zeta function of f. &

The motivic zeta function is an intrinsic invariant of a regular function. Denef
and Loeser proved its rationality over any field of characteristic zero, by means
of an explicit formula in terms of an embedded resolution [25, Thm. 3.3.1].
For any point x € Vj, there is a “fibre map”

Fib, : My, — M
defined on generators by [V, i] — [Y xy, k(x), ).
Definition 2.1.11 ([25, Section 3]). Given f: V — A! as above,

() Sf = [Yrly = —limy_ooZf(T) € M’(/O is called the relative motivic
nearby fibre;

() [¢rly, = [Yrly—1€ M‘;O is called the relative motivic vanishing cycle
(here 1 = [Vy]y, is the ring identity);

(ili) Sy . = Fib,(Sy) is called the motivic Milnor fibre of f at x. &

As [¢ ]y, vanishes over the smooth locus of 1}, the relative motivic vanish-
ing cycle is a relative class

[¢f]z = M;

living on the singular locus Z c V; (analogously to the complex ®; € ch (W),
which is supported on Z). We will let

[¢]eME

denote its pushforward under the structure morphism Z — Spec C.

2 Denef and Loeser actually work in the ring Ky(Var)[IL™'], which we could have done, too.
What is crucial to obtain rationality of Z¢(T') is having IL inverted, not a square root of it.
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Remark 2.1.12. If we let X, ;(x) C X, ; be the space of arcs based at x, and
we form the generating series Z;  (T) =Y., ,[X,1(x)]T", one can compute
the Euler characteristic of the Milnor fibre as

1 (Fr) == lim 7(Z;(T)). o

Definition 2.1.13 ([7, Def. 2.14]). The relative virtual motive of Z = Z(d f)
attached to f: V — Al is the class

[Z]relvir = _I[‘_d/z[('bf]Z = Mg’

where d = dim V. The absolute virtual motive of Z is the pushforward of this
class to a point, namely

(2], =179 e M. %
Example 2.1.14. When f =0, the smooth scheme Z = V has virtual motive
V], =L"*v]eMc,
as [ ]y = 0in this case. &

The class [Z],;; just defined is a virtual motive in the sense of Definition 2.1.8.
Indeed, the fibrewise Euler characteristic of [Z] i, at x € Z is precisely

—(=1)"x(®s],) =z ().

When Z = Z(d f) is proper, the virtual motive [Z];, € Mfé relates to the vir-
tual class [Z]"F € Ay(Z) defined in (1.2.1) through Theorem 1.1.3,

Jmm 1= 1ie(2) = 1 ([Z]r)-

For future use in Sections 6.2.2 and 7.3.1, we reproduce here from [7, Theo-
rem B.1] a statement determining the virtual motive of a critical locus attached
to a family with “nice” equivariance properties. We need a definition.

Definition 2.1.15. Let X be a variety, f : X — A! a regular function, T a con-
nected complex torus acting on X. We say that f is T-equivariant with respect
toacharacter y : T—G,, if f(t-x)=y(t)-f(x)forall t €eTand x € X. An
action of G,, on X is said to be circle compact if it has compact fixed locus,
and if limits lim,_,q # - x exist for all x € X. &

THEOREM 2.1.16. Let f : X — A be a regular function on a smooth com-
plex quasi-projective variety, with critical locus Z. Assume X is acted on by a
connected complex torusT in such a way that f is T-equivariant with respect
to a primitive character y : T — G,,.

(i) If there is a one parameter subgroup G,, C T such that the induced ac-
tion is circle compact, then

[pp]=[F" (V][ 7(0)]e Mc c ME.

13
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(ii) Leta:Z — Z, be the affinization of Z. If, in addition to the assump-
tion in (i), the hypersurface X, C X is reduced, then the relative class
(@77, = ail@ ] lies in the subring Mz, of classes with trivial mon-
odromy.

As explained in 7, Section 2.7], families f : X — A! that are T-equivariant
with respect to a primitive character y : T — G,, are trivial away from the
central fibre. Because y is primitive, one can find a 1-parameter subgroup
j : G,, — T such that y o j is an isomorphism. This implies that the action
(A, x) — A-x by the G,, subgroup induces an isomorphism

(2.1.6) X, xG,, S X\ Xo,

whose inverseis given by x — (f(x)™!- x, f(x)). Here X; denotes the “generic
fibre” f1(1).

We end this section by recalling the motivic Thom-Sebastiani theorem.

THEOREM 2.1.17 (Motivic Thom-Sebastiani [24, 49)). Let f : X — A! and
g : Y — A be regular functions on smooth varieties X and Y. Consider the
function feg: X xY — Al givenby (x,y)— f(x)+g(y). Leti: Xox Yo —
(X x Y), be the inclusion, and let py and py be the projections from X, x Y.
Then one has

i*[‘pf@g](xxy)o = p)*([gbf]xo *pi*f[‘pg]yo EMioxyo-

2.2 Power structures

Let R be a commutative unitary ring. We recall the notion of a power struc-
ture on R, mainly following [36, 37].

Definition 2.2.1. A power structure on R is a map

(1+tR[t]) xR — 1+ tR[t]
(A(£),X) = A(£)*

satisfying the following conditions:
o A(1)’=1
o A(t) = A(t)
(A()-B(1))X = A(1)X - B(1)*
A()XTY = A(0)X-A(r)Y

A(0)*Y = (A()*)¥

(1+1)X=14+Xt+0(r?)

o A(X|, =AY &
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Before introducing the power structure on the Grothendieck ring of vari-
eties, let us revisit the combinatorial formula expressing the m-th power (m
being a natural number) of a power series with coefficients A,, in a Q-algebra,
namely

2.2.1) (1 +2Ant”)m:1+2(”ﬁl( H’a ') te,

n>0

The sum on the right is indexed by partitions ¢ = (1% ---j% ---£%), and we

have set
lall=>a;,  lal=>ia;.
i

i
The latter is the size of @. Let us now focus on Ky(Vare). If X is a variety and
A(t)=14> ,A,t"is a power series in Ky(Varc)[t], setting

(2.2.2) A()¥ = 1+Zn6a(lnX“"\A -l_[A?i)t'“'
a i i

endows K, (Varc ) with a power structure. Equation (2.2.2) can be viewed as a
motivic version of the combinatorial identity (2.2.1). Here G, = [ [; &, is the
automorphism group of @, by A c [ [; X% we mean the “big diagonal” (where
at least two entries are equal), and we are viewing

[]_IXO” \A

as an equivariant class, with G, acting simultaneously on the two factors, so
that it makes sense to apply the quotient map introduced in (2.1.4). Note that,
if a has size k, the free quotient

1)

is canonically isomorphic to the stratum Sym(’j X ¢ Sym* X parametrizing zero-
cycles whose support is distributed according to @. The symmetric product
plays a key role in the theory of power structures over motivic rings. The link
is Theorem 2.2.2 below. Let

i 7 Ga
-l_IA? € K,™(Vare)
i

(2.2.3) Six(8) = Z[Sym X]e"

n>0

be the Kapranov zeta function of the variety X.

THEOREM 2.2.2 ([36, Thm. 1]). Equation (2.2.2) defines a power structure on
Ky (Vare), uniquely determined by the relation

(1- t)_[X] = x)(¢).
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Example 2.2.3. It is an immediate check that the Kapranov zeta function sat-
isfies
Cixp+iv) = Eix)-Ey)-
One has, for instance,
1 5 1
Zua(t) e (1) =] ] o

T 1-Lnt’ L Ly —TLig
=0

It is often handy to rephrase motivic identities in terms of the motivic expo-
nential, which is a group isomorphism?

Exp: 1 Ky(Varc)[t] =1+ t Ky(Vare)[?]

Exp ZAnt” = I—[(l— "),

n>0 n>0

defined by

221 Geometric interpretation

The power structure of Theorem 2.2.2 has an insightful geometric interpre-
tation, again due to Gusein-Zade, Luengo and Melle-Hernandez [36]. It goes
as follows. Let (A, ) be a sequence of algebraic varieties, and let X be another
variety. Consider the series A(1) =1+, _,[A,]t". If [B,] denotes the coeffi-
cient of t" in A(t)X] according to (2.2.2), then [B,,] is in fact an effective class
in Ky (Varc), representing the algebraic variety

B, =] | (Ux“i \AxHA?f)/Ga

akn
with G, acting diagonally by permuting the factors. The points of B,, are in
one to one correspondence with elements of the set
K c X is a finite set, ¢ : K—)]_IAl-

(2.2.4) K, 0 :
(K.9) is a map such that Zf(gb(x)):n

xeK

where 7 : [ [;.,A; — Z is the map sending the whole A; to the integer i.

2.2.2 Extensions

The zeta function satisfies

Lisix) = x (L)

for all s > 0. This determines a unique extension of the power structure on
Ky(Varg) to the localization Ky(Varc)[IL7!]. See [7, Section 2] for a further
extension to M. There is also an extension to Ky(Stc ), defined by

(1—t) K = (1—L° )1,

The group structures are the additive one on the source and the multiplicative one on the tar-
get.



where X is a variety and s € Z, see [38]. Regarding the geometric interpreta-
tion, it is not true anymore that the power structure on K,(Stc) is effective:
the coefficients of A( t)[X] may not represent any algebraic stack (with affine
stabilizers) when A; and X are stacks. However, they do represent an algebraic
stack if [ X] is the class of a variety [19, Lemma 5]. In this case, the geometric
interpretation (2.2.4) is still valid. The motivic exponential extends naturally
to M¢ and to K, (Stc) along with the power structure.

2.2.3 Examples

We now describe some applications of the power structure, in the context
of the Hilbert scheme of points of a variety, and the stack of coherent sheaves
of finite length on A2,

Let Y be a smooth quasi-projective variety of dimension d. Exploiting the
geometric interpretation of the power structure, one can prove

[v]
> [Hilb" v]e" = (Z[Hilb”(/Ad)o]t") € Ko(Vare)[1],

n=>0 n>0

where Hilb" (A4), is the punctual Hilbert scheme [37, Thm. 1]. Interpreting
x : Ko(Varc) — Z as ahomomorphism of power structures, one deduces from
the above identity the numerical relation

x(Y)
> x(Hilb" v) " = (ZPdl(n)t”)

n>0 n>0

where P;_;(n) is the number of (d —1)-dimensional partitions of n. If d <3,
there are well-known product formulas for these series, namely

(1—¢)2(Y) ifd =1
— My xY)  ifd =

n>0

[ [a-emy2) ifa=s.

m>1

The case d = 1 goes back to MacDonald, whereas the formulas for surfaces
and threefolds have been proved by Gottsche and Cheah, respectively. No
product formula is known for d > 3. The corresponding motivic refinements
for d =1, 2 are given by

(1—¢)"1Y] ifd=1
> [Hilb" y]e" =
70 [ [a-Lmtem)y i =2,
m=1

The motive of the Hilbert scheme of points on a smooth quasi-projective three-
fold is not that well-behaved, as the Hilbert scheme is singular. However, it is

17
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“virtually smooth”, and the virtual motive [Hilb" Y],;, € M defined in [7] is
a nicer object. For a smooth quasi-projective threefold Y, we use the same
notation as in [7] to denote the generating functions

(22.5) Zy(t)=D [Hib"Y] ",  Zpso(t)= D [Hilb"(A%)], t".

n=>0 n>0

The virtual motive of the punctual Hilbert scheme [Hilb” (A3)]y;, is defined
in [7, Section 3]. We will later exploit the following result.

THEOREM 2.2.4 ([7, Prop. 4.2]). Let Y be a smooth quasi-projective threefold.
In Mc[t] one has the identity

Zy(t)=2Zpsp(t)Y.

Another application of the power structure involves the stack Coh,, (A?) of
coherent sheaves of length n on AZ2. One has

L2 2
(2.2.6) C(r) = (Z[COhn(AZ)O]) = Exp (]LIL_I tht)

n>0

where Coh,,(A?), c Coh, (A?) is the closed substack of coherent sheaves en-
tirely supported at the origin.

2.2.4 Punctual motives for AZ2

Let us focus on the affine surface Y = A2. Using the power structure, it is
possible to extract from the formulas of the previous section the motivic con-
tributions of the “punctual” motives, namely [Hilb” (A?)y] and [Coh, (A?),].
Knowing the first few coefficients of the corresponding generating series will
help us providing evidence for a conjecture in Chapter 8.

For the Hilbert scheme, we get

(2.2.7) > [Hib" (A%)Je" = [ J(a-Lmem) ™,

n>0 m>1

whose first terms are

1+t+(1+L) 2+ (1+L+1L2)¢3
+(1+L+2L° 4+ L) " + (1+ L+ 2L + 2L° + L) % + -+

Remark 2.2.5. The n-th coefficient of the above series always contains a sum-
mand of the form (IL + 1)IL"2. This motive is the class of the curvilinearlocus,
an open subscheme C% c Hilb” (A?), that Brian¢on proved to be dense [14,
Théoréme V.3.2] and fibred over P! = IP(m/m?) (the space of double points
at the origin 0 € A?), with fibre A2 [14, Prop. IV.1.1]. Here m = (x, y ) is the
ideal of the origin. The remaining class is the class of its complement. For
instance, if n = 3, the complement has class equal to 1, corresponding to the
single non-curvilinear ideal m?> c C|x, y]. For n = 4, the complement has
class 1 +1L+1.2. &
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For the stack of coherent sheaves, one can use the Feit-Fine formula (The-
orem 2.1.4) to compute

(2.2.8) D [Coh, (A%)o]e" =] ] J(a-LL™*em)™.
n>0 k=1 m>1
The first few terms are

PRI (L S P
L—1 ' \GL, ' L(L-1)

2.3 Virtual motives of the 3-loop quiver

Let n > 0 and p > 1 be integers, and let V be an n-dimensional complex
vector space. The affine space End(V)® parametrizes n-dimensional repre-
sentations of the three loop quiver, namely the quiver

Z

(
XC e Dy

consisting of one node and three loops. We write L3 for this quiver. We have
GL, = GL(V) acting on Rep(L3) = End(V )3 by simultaneous conjugation.
The quotient stack [End(V')3/ GL, ] parametrizes isomorphism classes of rep-
resentations of L. Instead of studying this stack, we work with framed repre-
sentations: as a warm-up for the computations we will be doing in Section 7.2,
we study here the motivic DT invariants of the three loop quiver (associated
to a certain super-potential). We follow closely the computation of [7, Theo-
rem 3.7] where in the case p = 1 the authors found the product formula

—

m

Zns(t) = l_l ]__I (1_]LZ+IC—m/2tm)—l.

m>1 k=0

The series Z ps, recalled in (2.2.5), is the motivic DT partition function of the
Hilbert scheme, representing the natural refinement of the zero-dimensional
DT theory of A3, given by

D ra(Hilb" A%) " = [ J(1=(=)™) ™ = M(~t),

n>0 m>1

where M (t) is the MacMahon function. We stress that nothing is original in
this section. However, it is a good opportunity to fix some notation and antic-
ipate the strategy used in later computations. Also, in Section 7.2 we will need
a relation we will soon get along the way, namely (2.3.7) below.

2.3.1 Critical loci attached to the quiver

Let us form the affine space

R(n,p) =End(V)*x VP.



20

| Motivic tools

Definition 2.3.1. For a point x = (A,B,C,n,,...,v,) € R(n,p), the vector
space
Span(x) = Span¢ { A" B2C%s .y |¢;>01<i<plcV

will be called the span of x. &

Definition 2.3.2. Let U} c R(n, p) be the open subscheme consisting of points
x whose span is exactly V. When p = 2, we shall simply write U, and R, in-
stead of U? and R(n,2). &

THEOREM 2.3.3 ([43]). The open set U coincides with the set of semistable
points for the GL,, -action on R(n, p) given by

g (AB,C,u,...,v,) = (A%,B%,C8,gn,,...,8Vp),
and linearized by the character det : GL,, — G,,.

LEMMA 2.3.4. Points in U have trivial stabilizer.

PrROOE If g € GL,, fixes (A, B, C,vy,...,v,), then each v; lies in the invari-
ant subspace ker(g —id) c V. But by definition of U, the smallest invariant
subspace containing vy, ..., v, is V itself, hence g = id. O

Thelemma implies that there is no difference between stable and semistable.
Stability for framed representations can be thought of as a limit of King stabil-
ity. Theorem 2.3.3 allows one to construct the (smooth and quasi-projective)
geometric quotient

Unp/ GL" = R(”’p) //det GLn»

which is the moduli space of p-framed n-dimensional representations of L;.
When p = 1, this space is also known as the non-commutative Hilbert scheme,
sometimes denoted

(2.3.1) NCHilb} =U, /GL,,.

For a general quiver Q, let CQ denote the path algebra of Q. An element of the
quotient

CQ/[Cr,CQ]

is called a super-potential if it is represented by a (finite) sum of loops. For the
three loop quiver, we have

CL;=C(X,Y,Z)
and we look at the super-potential
W=X(YZ-ZY)eCly/[CL;,Cls] =C[X,Y,Z],

viewed as a combination of cycles uniquely defined up to cyclic permutations.
Then W induces a regular map W,, : R(n, p) — A' defined by

2.3.2) W, (A, B,C,v,...,v,) =TrA[B,C].!

4 As p is fixed, it is omitted from the notation regarding the maps.
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Note that the map does not interact with the vectors. We let W,, be the restric-
tion of (2.3.2) to U} and we observe that it descends to the quotient U, / GL,,,
since it is GL,-invariant. This defines a regular map

w,:UP/GL, - A"
We are interested in the canonical virtual motive attached to the critical locus
Dy, =Z(dw,)cU?/GL,.
Example 2.3.5. It is the content of [7, Prop. 3.1] that
D, = Hilb" (A®) c NCHilb} . o

Aside 2.3.1. One can work with more than three matrices and obtain a (smooth)
scheme NCHilb/; for all d (using again just one cyclic vector). This is tightly related to
representations of the free algebra C(x,..., x4). However, only in dimension d = 3
one can explicitly describe the (commutative) Hilbert scheme Hilb” (A?2) as the crit-
ical locus of a function NCHilbj — A'. No such thing seems to be possible for d > 3.

One may also forget about GIT and construct noncommutative Hilbert schemes via
afunctorial approach: one ends up with moduli schemes of left ideals of codimension
n in very general algebras (and such schemes are well-known to be smooth when
the algebra is formally smooth), see for instance [46, 58, 80, 29]. When the algebra
R one starts with is commutative, this construction yields the (commutative) Hilbert
scheme Hilb” (Spec R). We will touch upon this functorial point of view in Section
6.2.1.

2.3.2 Computing the partition function

We now derive a product formula for the motivic generating series

(2.3.3) Fp(t) = [Dnylst" € ME[L].

n=>0

In fact, the coefficients of this series live in the subring M¢ C Mg. To see this,
consider the action of the torus T=G3 on Uy by

(234) t- (A,B, C, Uly.ony l/p) = (tlA, tzB, t3C, [1 tgtgl)l,..., [1 tgtgvp),

along with the primitive character y (t) = t; t, 3. Then this action descends to
an action on U} / GL,, and both W,, and w,, are T-equivariant with respect to
x - Moreover, the induced actions of the diagonal subtorus G,,, c T are circle
compact, as in the proof of [7, Lemma 3.4]. Then Theorem 2.1.16 ensures that

[ow, 1= W, (D]-[W, " (0)] e Mc e ME,
and similarly for [¢,, ]. Since dim U, / GL,, =2n?+ pn, in M one has
[Dl’bp ]Vil‘ - _L_nz_pn/2[¢wn])
with
[ow,] _ [ow,]

(2.3.5) [Pw,]= L.~ LOM] 'GMC[(l—ILi)—1|1'21].
n 2 L-

So we need to compute the absolute motivic vanishing cycle [¢w, |.

21
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PROPOSITION 2.3.6. The series (2.3.3) is given by

pm—1

Fo() =[] [ a-r*rm2em= e melt].

m>1 k=0

First of all, let us identify R(n, p) with affine space A3"’TP"_ Write
Y, =W'(0)cR(n,p), Z,=W.'(1)cR(np)

for the special and the generic fibre of W,,. Since W,, is T-equivariant with re-
spect to y via (2.3.4), by (2.1.6) we have an isomorphism G,, x Z,, Z R(n,p) \
Y,,, whence the motivic relation

[V, ]+ (L—1)[z,] =13 +P",
Setting
Wp = [Yn]_[zn]’
we can rewrite the above equality as
(2.3.6) (1-L)w, =L *P"—L[v,].

Now, Y, decomposes as Y, I1Y”, where Y consists of those tuples in Y;, sat-
isfying B, C] = 0. Then Y/ 2 A"**P" x C,, while the complement Y” is a
hyperplane bundle over A\ C,. Hence

(%] =[%]+ (5] = L7 77[c, ]+ (L2 ~[c, Lo+,

n
This yields, substituting in (2.3.6), the identity
(1-L)w, = 37 +pn _1Ln2+pn+1[cn]_(lL2n2 _[Cn])ILn2+pn
_ ]L3n2+pn _Ln2+pn+1[cn]_L3n2+pn + Ln2+pn[cn]
= (1-L)L"*P"[C,],
from which we get
2.3.7) w, =L""P)[C,].
Let us now define, for 0 < k < n, the subset
Xk ={xeR(n,p) | the span of x is k-dimensional } c R(n, p).
Then, setting Yn’C =Y, N Xk and Z,'f =7Z,N Xk we find that
v =Wl0),  Z=W.(1).

Defining
ok =[]-125)

n n

we see that, because of (2.3.5), the motivic difference we are interested in is

238 [ow, ] =¥ +[27] =0

n n
We can then write
_ —n?>—pn/2
[Dnvp]vir __IL [¢Wn]
—wh _ o’
GL, ]L3"2+g<n—1)

(2.3.9) s

[n]L!
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Computing [YF]
The map h : Ynk — Gr(k, V) sending a point to its span is a Zariski locally
trivial fibration. Let us compute the motive of the fibre. Foragiven A € Gr(k, V),

we can choose a basis of V so that the first k vectors of the basis belong to A.
Then, any P = (A, B,C, vy,..., vp) € h™1(A) will be of the following form:

AO A/ BO B/ Co C/ Vio
A= ) B= ’ C= ’ j — ’
( 0 Al) ( 0 B e izl o
where Ay, By, Cy are k x k matrices, A, By, C; are (n—k) x (n— k) matrices,
A’, B, C’ are k x (n— k) matrices, and finally v; are k-vectors, which for con-

venience we collect together in the compact notation v = (vy,..., vpo). We
certainly have

TrA[B, C] = Tr Ag[By, Co| + Tr A [ By, C1l,
and if we set, for shorthand, Tr; = Tr A;[B;, C;], we get

h™ (M) ={ (Ao, By, Co,V, Ay, By, Gy, A, B',C') | Trg+Tr; =0}
= ASK(=K) s (ST T),

where A3%("—k) takes care of A, B/, C’ and

S= { (AO’BO’ CO’V)AI; Bl, Cl) }TI‘O :TI'I = 0}’
T= { (AO’BO’ CO)V)A]yBl, Cl) }Tro :_Trl 7é 0}_

There are isomorphisms

Ys :SxAp(”_k):>Ykk x Y,
Yr:Tx AP 50 x z8x 7,

defined as follows.
o Ife=(e,...,e,) € AP("¥) isa p-tuple of (n—k)-vectors, y’s sends

(Ao,Bo, Co,V,Al,Bl, Cl;e) — <A0,B(), Co,V;AlBl, Cl,e).

o Similarly, y 1 is defined by

(AO) BO) CO) v, Al) Bl) Cl; e) — (TrO;Tral AO’ BO) CO) v; TrII Al) Bl) Cl) e)-

Hence we find

[v)]

n

(Gr(k, V)L =B ([s]+[T])
(Gr(k, V)L [ E Vo] + (L= 1) 2] Zni])
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Computing [ZF]

We compute the fibre of the Zariski fibration / : Z,’lC — Gr(k, V). In this case,
the matrices A’, B, C’ still play no role, thus the fiber decomposes as

I7H(A) = APKK) « (8 T1S,118y)
where:
S; = { (Ao, By, Co, v, Ay, By, Cy) | Ty =0,Tr; =1},
S, = { (Ao, By, Co, v, Ay, By, Cy) | Trg =1, Tr; =0},
S3 ={ (Ao, By, Co,v, A1, By, Cy) | Trg =1—Tr; # 0,1}
As before, there are isomorphisms
Six AP S yk sz,
S, x AP = zk oy,
S x APR) 5 (C\{1}) x ZF x Z,, ;..
Hence we find:
[Zx]=[Gr(k, V)LD ([, ] +[S:] +[S5])
= [Gr(k, V)LD O (0 2, ] 4+ (28 Vo] + (L=2)[ 2] 2]

The key recursion
We can now write the motive w’fl as follows:

ok =[1}1-12}]

n n n

n—1
wh=w,— a)',j
(2.3.10) e
:IL””””[C,Z]—Z[Gr(k, V)]L(”_k)("ﬂk)[cn_k]wz.
k=0

We know by (2.3.9) that

wn
[D”vP]Vir = ILSnZJrZ(p—nl) [ ’

n]]L'

.. n®+n(p-1)
so we can divide (2.3.10) by LY =5 [n]p! and rearrange to get

vir®

n
G2 = 8, LR 2 Dy ]
k=0
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We have used the expression (2.1.1) for the motive of the Grassmannian, along
with the class

__la]__lal
" GL, L) [n]y !
defined in (2.1.3). Multiplying by " and summing, we get

D e (L) =F (1) D & (tL7P2)",

n>0 n>0

Using Theorem 2.1.4 we find

C(tILr/?)

Fo(t)= ——>t

P( ) C(Z'H_._p/z)
(1_L1—j+pm/2tm)—l

- l_[ l_[ (1—IL1—j—pm/2gm)-1

m>1 j>0

(2.3.11) pm—l

— l_[ l_[ (I_Ll—j+pm/2tm)—l

m>1 j=0

pm—1
[T (-nz+epmrzgmy-t
k=0

m>1 k=

The proof of Proposition 2.3.6 is complete.
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3 THE KUMMER SCHEME OF AN
ABELIAN THREEFOLD

This section is joint work with M. Gulbrandsen [35].

3.1 Introduction

Let n > 0 be an integer. The n-th generalized Kummer scheme K" X of an
abelian variety X is the fibre over 0x of the composite map

Hilb"” X — Sym”" X — X,

where the first arrow is the Hilbert—-Chow morphism and the second arrow
takes a cycle to the weighted sum of its supporting points. The purpose of this
note is to prove the following formula, which is the three-dimensional case of
a conjecture from [34]:

THEOREM 3.1.1. Let X be an abelian threefold. The Euler characteristic of
its generalized Kummer Scheme K" X is

7 (K"X) = nSZdz.
dln

Simultaneously with and independent of our work, Shen [72] has proven the
conjecture in [34] for X an abelian variety of arbitrary dimension g, stating
that

K"X
3.1.1) ZPg_l(n)qnzeXP(z—X(nzg )qn)’

n=0 nx1

where Py (n) denotes the number of d-dimensional partitions of n. In fact,
Shen proves a further generalization of this to the case of a product X x Y,
where one factor X is an abelian variety, and the other factor Y is an arbitrary
quasi-projective variety. For g = 3, the formula in Theorem 3.1.1 is recovered
from (3.1.1) by applying MacMahon’s product formula for plane partitions,
cf. [74, Cor. 7.20.3].

One motivation for the computation of y (K" X)) is as a test case for Donaldson-
Thomas invariants for abelian threefolds, as developed in [34]. In particular
(see loc. cit.), the Donaldson-Thomas invariant of the moduli stack [K" X / X, |
is the rational number

(_1) n+1
nb

7 (K"X) = (—17)”“2612_

din

29



30 | The Kummer scheme of an Abelian threefold

The formula (3.1.1) could be motivated by formally expanding Cheah’s for-
mula for the Euler characteristic of Hilbert schemes of points (see [22], and
also [37] for a motivic refinement), up to first order in y (X), as follows:

. n n KnX n
1+ > 7 (Hilb" X)q" = 1+)((X)Z%q

n>1 n>1

I
eXp(x(X)logZPg-l(n)q”) =1+ 7(X)log» Py (n)q".

n>0 n>0

The top equality comes from the étale cover X x K" X — Hilb"” X of degree
n®, given by the translation action of X on the Hilbert scheme. The vertical
equality is Cheah'’s formula. For the bottom equality, we treat y (X )? as zero
when expanding exp.

Conventions. We work over C. The symbol y denotes the topological Euler
characteristic. We denote by a I n (one-dimensional) partitionsof n =Y, ia;,
corresponding to classical Young tableaux. The number of d -dimensional par-
titions of n is denoted P, (n). A higher dimensional partition can be seen as a
generalized Young tableau, with (d + 1)-dimensional boxes taking the role of
squares. The convention is to set P;(0) = 1.

3.2 Proof of the conjecture

3.2.1 Stratification

The Hilbert scheme of points of any quasi-projective variety X admits a nat-
ural stratification by partitions,

Hilb” X = | [Hilb? x

akn

where Hilb] X denotes the (locally closed) locus of subschemes of X having
exactly @; components oflength i. Let X be an abelian variety. Letting K X =
K" X nHilb}, X, we get an induced stratification of the Kummer scheme,

(3.2.1) k"x =] [krx.

akn

For each partition a - n, let us define the subscheme
V,={&eSym) X |T&=0}cSym) X

where X denotes addition of zero cycles under the group law on X. The Hilbert-
Chow morphism Hilb” X — Sym” X restricts to morphisms

Mg K'X — V.
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Fixing a pointin V,, amounts to fixing the supporting points of the correspond-
ing cycle and their multiplicities. Thus, each fibre of 7, is isomorphic to a
product of punctual Hilbert schemes:

E, =] Hilb’ (A%)g".
i
Hence, using (3.2.1), we find

(3.22) 2(K"X) =2 2 (V)] [B(0)",

akn

where we have used P;_, (n) = y (Hilb" (A%),) (see[27] for d = 2 and [22, 37]
for the general case).

Strateqy of proof

Letoy(n) =), din d? denote the square sum of divisors of an integer n. As
is well known [1], these are related to the number of plane partitions by

(3.2.3) an(n):iaz(k)Pz(n—k).
k=1

Let us define, for a F n, integers ¢ (@) € Z by the recursion

n ifa = (nt),
(3.2.4) cla) = .
—2ia20€(@") otherwise.
Here, for a partition @ = (1% --- % .--£%) | n, with a; #0, we let
(3.2.5) al = (1% %Y i —i
We shall prove Theorem 3.1.1 in two steps, given by the two Lemmas that
follow.

LEMMA 3.2.1. The square sum of divisors o, can be expressed in terms of
the number of plane partitions P, as follows:

(3.2.6) o,(n) :Zc(a)npz(i)“f.

akn

LEMMA 3.2.2. The Euler characteristics y (V,)/n® equal the numbers c(Q)
defined by recursion (3.2.4).

Assuming the two Lemmas, the main theorem follows:

PRrROOF OF THEOREM 3.1.1. Equation (3.2.2) gives

Z(KnX) :ZX(V;Z) l_[PZ(i)ai

akn i

=Y c@][ [n)e

akn
=0,(n).

We have applied Lemma 3.2.2 in the second equality, and Lemma 3.2.1 in the
last equality. O
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3.2.2 A recursion
Let us introduce the shorthand
f(@) =] B
i
Expand the right hand side of (3.2.6), using the definition of ¢ (@), to get

(3.2.7) > c(a)f(a)=nP(n)— > > c(al)f(al).
akn akFn  j=1

a#(nl) aﬁéo

On the other hand, by induction on #, the identity (3.2.3) gives

T
L

oy(n)=nP(n)—» o.(k)P(n—k)

S
Pl

(3.2.8) =nPy(n)=> > c(B)f(B)P(n—k).

k=1prk

The sets over which the double sums in (3.2.7) and (3.2.8) run are clearly iden-
tified via (k, 3) = (n—j,@&/). Since f (@) = P,(j) f (&), it follows that the two
expressions (3.2.7) and (3.2.8) are identical. Lemma 3.2.1 is established.

3.2.3 An incidence correspondence

In this section we prove Lemma 3.2.2. The technique used is very similar to
the one adopted in [32].
Later on, we will need the following:

Remark 3.2.3. Let @ = (n'). Then V, is in bijection with the subgroup X,, ¢ X
of n-torsion points in X. This implies that y (V,) = y(X,) = n®. In other
words, y (V,)/n®=n=c(a). ¢

Fix a partition a - n different from (n'), and an index i such that a;#0. We
will compute y (V) in terms of the partition &’ - n— i, thanks to an incidence
correspondence between the spaces V, C Sym) X and Vi C Symgfi X.

Let us define the subscheme
I={(a,b;&)eX*x Va{multaiz i,(n—i)b=iainX}cX*xV,
We use the incidence correspondence

¢

I — Y,
‘|
Vai
where the map ¢ is the one induced by the second projection, and v sends
(a,b;¢&) to the cycle T, (£ —ia), where Tj, is translation by b € X.

The strategy is to compute y (I) twice: by means of the fibres of ¢ and v
respectively. This will enable us to compare y (V,) and y (V).
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Fibres of ¢. Let& € V,. This means & € Sym) X and > & = 0in X. We
have
¢_1(§):{(a,b)€X2|multa§:i, (n—i)b=ia}cX?

Letay,...,a,, be the a; points, in the support of £, having multiplicity i (recall

that i is fixed). Then
o'&)= 1] #;

1Sj$a,~

where H; = {b € X|(n—i)b =ia;}. Each H; is the kernel of the translated
isogeny b — (n—i)b—ia;, which has degree (n—i)®, so y(H;) = (n—1i)°.
This yields y (¢ (&) = a;(n—1i)®. Hence,

(3.2.9) 2(I) =y (V)a;(n—1i)®.
Fibres of 1. LetC € Vy. Apoint (a,b;&) €y~1(C) determines & as
E=T,'(C)+ia,

and the condition mult, & = i translates into mult, (7, ' (C) +ia) = i, which
means a & Supp (T, (C)), ora+ b & Supp (C).

Let us define the subscheme
B={(a,b) { (n—i)b=ia}cX>

Then we note that

Y7 (C)={(a,b)eB|la+be¢supp(C)}=B\ [] ¥,
)

c€Supp (C

where

Now, if we map B — X through the second projection, we see that the fi-
bres are all isomorphic (to X;, the group of i-torsion points in X). Hence, as
7 (X) =0, we find that y (B) = 0. Thus, remembering that Supp (C) consists
of (3., @;)—1 distinct points, we find

(e =— ¥ xm):—ne.(zai_l).
(©) 7

c€Supp

Finally,
(3.2.10) )((I):—)((V&i)ns-(Za,-—l).

Compare (3.2.9) and (3.2.10) to get

a;i(n—i)°

Z(Vai):—mz
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We now conclude by showing that the numbers y (V) /n® satisfy the same
recursion (3.2.4) fulfilled by the ¢ (a)’s. If @ = (n'), we know by Remark 3.2.3

that
1

EX(Va):n-

For a# (n'), we can use the above computations to find (the sums run over
all indices i for which a; #0):

1 . 1 a,-(n—i)e
_Z (n—i)S%(V&i) _Z (}’l—i)5 ne(ziai_l)X(Va>
_ iZiai(n—i)
T ns n(ziai_l)l(va)
inZiai_Ziiai

= V

1
:El(Va)-

Lemma 3.2.2 is proved. As noted in Section 3.2.1, this completes the proof of
Theorem 3.1.1.

Remark 3.2.4. For an abelian variety X of arbitrary dimension g, Shen [72]
observes that from an equality of formal power series in ¢,

Zpg_1<n>q":exp(zan"),

n>0 nx>1

defining the sequence {s,},>1, one obtains by application of the operator g %
the identity

n
nP_(n)= Z ksiPg_1(n—k).
k=1

Starting with this equality, our proofs of Lemmas 3.2.1 and 3.2.2, with y (V) / n®
replaced by y(V,)/n?~1, go through without change, and we recover the
identity (3.1.1). &



4 CURVE COUNTING VIA QUOT
SCHEMES

This chapter is essentially the content of the paper [68].

41 Introduction

One of the conjectures in [50] stated that 0-dimensional Donaldson-Thomas
(DT, for short) invariants of a smooth projective Calabi-Yau threefold equal
the signed Euler characteristic of the moduli space. Now, the more general
formula

(4.1.1) 7(Hilb" Y) = (—=1)"y (Hilb" Y)

is known to hold for any smooth threefold Y, proper or not [9, Thm. 4.11].
Here 7 = y(—, v) is the Euler characteristic weighted by the Behrend func-
tion [5]. The 0-dimensional MNOP conjecture is also solved with cobordism
techniques in [48, 47].

411 Main result

We propose a statement analogous to (4.1.1), again with no Calabi-Yau or
properness assumption on the threefold Y, but where a curve is present. More
precisely, we focus on the space of 1-dimensional subschemes Z c Y whose
fundamental class is the cycle of a fixed Cohen-Macaulay curve C C Y. A nat-
ural scheme structure on this space seems to be provided by the Quot scheme

Q(r;l = Quot, (ﬂC)

of 0-dimensional length n quotients of .9, the ideal sheaf of C. By identifying
a surjection .#; - F with its kernel .#,, we see that Q/ parametrizes curves
Z c 'Y differing from C by a finite subscheme of length n. Our main result,
proved in Section 4.4, is the following weighted Euler characteristic computa-
tion.

THEOREM. Let Y be a smooth quasi-projective threefold, C C Y a smooth
curve. Then

(4.1.2) 7(Q0) = (=1)"x(Q¢).

The proof uses stratification techniques as in [9] and [6].
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41.2 Applications

Let Y be a smooth projective threefold. Let I,,,(Y, ) be the Hilbert scheme
of curves Z C Y in class f € H,(Y,Z), with y(0,) = m. Given a Cohen-
Macaulay curve C C Y of arithmetic genus g, embedded in class 3, we show
there is a closed immersion ¢ : Qf — I,_g, (Y, ). We define

(4.1.3) L(Y,C)ch g n(Y,B)=1

to be its scheme-theoretic image. When Y is Calabi-Yau, we define the con-
tribution of C to the full (degree 8) DT invariant of I to be the weighted Euler
characteristic

(4.1.4) DT,c=x(I,(Y,C),vp).
A first consequence of (4.1.2) is the identity

DTyc=(=1)"x(1.(Y,C))

when C is a smooth rigid curve in Y, because in this case (4.1.3) is both open
and closed.

Local DT/PT correspondence

Let P,,(Y,p) be the moduli space of stable pairs introduced by Pandhari-
pande and Thomas [62]. For a Calabi-Yau threefold ¥ and a homology class
p € H,(Y,Z), the generating functions encoding the DT and PT invariants of
Y satisfy the “wall-crossing type” formula

DTs(Y,q) =M(—q)*Y)-PT4(Y,q).

Here and throughout, M (g ) denotes the MacMahon function, the generating
series of plane partitions, that is,

M(q)=>q"=]J(1-4")"

k>1

The DT/PT correspondence stated above was first conjectured in [62] and later
proved in [15, 79]. In this paper we ask about a similar formula relating the
local invariants, that is, the contributions of a single smooth curve C C Y to
the full DT and PT invariants of Y in the class § = [C].

If C c Y is a fixed smooth curve of genus g, we consider the closed sub-
scheme

Pn(Y’C) CPl—g—i—n(Yrﬁ) =P

of stable pairs with Cohen-Macaulay support equal to C. We use (4.1.2) and
the isomorphism P, (Y, C) = Sym” C to show the generating function iden-
tity

(4.1.5) D I1(Y,0)q" =M (=) (1+4)%7,

n=0



which holds without any Calabi-Yau assumption.
For Y a Calabi-Yau threefold, we consider the stable pairlocal contributions

PTn,C :X(Pn(Y,C),Vp)

like we did in (4.1.4) for ideal sheaves. We assemble all the local invariants into
generating functions

DTc(q) = ZDTn,an

n=>0

PTc(q) :ZPT,,,Cq”.

n>0

The PT side has been computed [63, Lemma 3.4] and the result is

PTc(q) =ngc-(14+q)*%72

where ng ¢ is the BPS number of C. Therefore it is clear by looking at (4.1.5)
that the DT/PT correspondence

(4.1.6) DTC(Q):M(—Q)X(Y)-PTC(q)

holds for C if and only if, for every n, one has

DTn,C =g, -)Z(In(Y,C)).

For instance, it holds when C is rigid. In the last section, we discuss the plau-
sibility to conjecture the identity (4.1.6) to hold for all smooth curves.

Conventions. In this paper, all schemes are defined over C, and all threefolds
are assumed to be smooth. An ideal sheaf is a torsion-free sheaf with rank one
and trivial determinant. For a smooth projective threefold Y, we denote by
I,,(Y, B) the moduli space of ideal sheaves with Chern character (1,0,—f,—m +
B -c(Y)/2). It is naturally isomorphic to the Hilbert scheme parametrizing
closed subschemes Z c Y of codimension at least 2, with homology class
and y (07) = m. A Cohen-Macaulay curve is a scheme of pure dimension one
without embedded points. The Calabi-Yau condition for us is simply the exis-
tence of a trivialization wy = 0y. We use the word rigid as a shorthand for the
more correct infinitesimally rigid: for a smooth embedded curve C C Y, this
means H°(C,N¢,y) = 0, where N¢,y is the normal bundle. Finally, we re-
fer to [5] for the main properties of the Behrend function and of the weighted
Euler characteristic

42 The local model

The global geometry of a fixed smooth curve in a threefold C c Y will be
analysed through the local model

Alc Al
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of a line in affine space. We get started by introducing the moduli space of
ideal sheaves for this local model.
Let X be the resolved conifold, that is, the total space of the rank two bundle

Opi(—1,-1) - P

It is a quasi-projective Calabi-Yau threefold. We let Cy C X be the zero section,
and A3 C X a fixed chart of the bundle.

Definition 4.2.1. For any integer n > 0, we define
M, c I, 1(X,[G))

to be the open subscheme parametrizing ideal sheaves .#, c 0y such that no
associated point of Z is contained in X \ A3. &

Since C, is rigid, we can interpret M,, as the moduli space of “curves” in A3,
consisting of a fixed affine line L = C,n A3 together with n roaming points.

The scheme M,, seems to be the perfect local playground for studying the
enumerative geometry of a fixed curve (with 7 points) in a threefold. Exactly
like studying Hilb” A3 was essential [9] to unveil the Donaldson-Thomas the-
ory of Hilb” Y, where Y is any Calabi-Yau threefold, the space M,, will help us
to figure out the DT contribution of a fixed smooth rigid curve in a Calabi-Yau
threefold (and, conjecturally, all smooth curves). Forgetting about the Calabi—
Yau assumption, we will find out that understanding the local picture in A3
gives information about arbitrary threefolds, in perfect analogy with the re-
sults of [9].

In the rest of this section, we show that M,, isisomorphic to the Quot scheme
of the ideal sheaf of a line, and we compute its DT invariant via equivariant
localization.

Let L denote the line C,n A3. Note that if Z C X corresponds to a point of
M,,, by definition its embedded points can only be supported on L. Similarly,
isolated points are confined to the chart A3 c X.

PROPOSITION 4.2.2. There is an isomorphism of schemes M,, = Quot,, (.} ).

PROOE Let T beaschemeandlet:: A3 x T — X x T be the natural open im-
mersion. If Oy, - Oz represents a T-valued point of M,,, we can consider
the sheaf 7 = ., . /.#z, which by definition of M,, is supported on a sub-
scheme of A3 x T which is finite of relative length n over T. Restricting the
short exact sequence

0—-F — ﬁZ_)ﬁCOXT_)O

to A3 x T gives a short exact sequence
0—>L*9—>L*0}Z - 0L><T —0

with T'-flatkernel, so we geta T-valued point .%; .t - t*Z of Quot,, (.9, ), since
as we already noticed t*% has the same support as &.



Conversely, a T-flat quotient & of the ideal sheaf .#; .1 determines a flat
family of subschemes
ZCcA3XxT—T,

where L x T ¢ Z. Taking closures inside X x T, we get closed immersions
CoxTcZcXxT.

The support of Z is proper over T, and since A® and X are separated, we
see that the inclusion maps of Supp .Z in A3 x T and X x T are proper. This
says that the pushforward ¢,.7 is a coherent sheaf on X x T. It agrees with the
relative ideal of the immersion Cy x T C Z, and is supported exactly where 7
is. Finally, the short exact sequence

0= 1, F — Oz — Oc,r — 0

says Oz is T-flat (being an extension of T'-flat sheaves), therefore we geta T'-
valued point of M,,. The two constructions are inverse to each other, whence
the claim. O

Keeping the above result in mind, we will sometimes silently identify M,,
with Quot, (.#;), and we will switch from subschemes (or ideal sheaves) to
quotient sheaves with no further mention.

Remark 4.2.3. The resolved conifold X plays little role here. In fact, the above
proof shows the following. If there is an immersion A3 — Y into some Calabi-
Yau threefold Y, such that the closure of a line L ¢ A3 becomes a rigid ra-
tional curve C C Y, then the Hilbert scheme I,,,1(Y,[C]) contains an open
subscheme isomorphic to Quot, (.%;). &

421 The DT invariant

The open subscheme M,, c I,,,1(X,[Cy]) inherits, by restriction, a torus-
equivariant symmetric obstruction theory, and therefore an equivariant vir-
tual fundamental class

Vi

[Mn] rEAg(Mn)®Q(Sl,82,S3>.

The torus T ¢ (C*)? we are referring to is the two-dimensional torus fixing the
Calabi-Yau form on X, and acting on X by rescaling coordinates. We refer the
reader to [6, Section 2.3] for more details on this action and for an accurate
description of the fixed locus

In(X,d[G))" € Iy (X, d[Gy])

for every d > 0. An ideal sheaf .¥, € M,, is T-fixed if it becomes a monomial
ideal when restricted to the chosen chart A3 c X. The fixed locus M 3 c M,
is isolated and reduced, by [50, Lemma 6 and 8]. In the language of the topo-
logical vertex, a T-fixed ideal can be described as a way of stacking n boxes
in the corner of the one-legged configuration (0,0,0). We give an example in
Figure 1.
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Figure 1: A T-fixed ideal in M,,. The “z-axis” has to be
figured as infinitely long, corresponding to the
line L = CynNA3.

The parity of the tangent space dimension at T-fixed points of I,,, (X, d[Cy))
was computed in [6, Prop. 2.7]. The result is (—1)”~¢ by an application of
[50, Thm. 2]. In our case m = n+1 and d = 1 so we get the sign (—1)" for
I,.1(X,[Gy]). Since M, is open in this Hilbert scheme, the parity does not
change and we deduce that

(_l)dimTMnlj _ (_l)n

for all fixed points .¢ € M : After the Calabi-Yau specialization s; + s, +s3 =0
of the equivariant parameters, and by the symmetry of the obstruction theory,
the virtual localization formula [30] reads

(4.2.1) [M,]" = (—1)"[M,] € Ay (M),

where, as mentioned above, the sign

. eT(Ext’(4,.9))
(-1)"= oT(Ext(4,.9)) €Q(s1, 2, 83)

comes from [50, Thm. 2].
We define the Donaldson-Thomas invariant of M,, by equivariant localiza-
tion through formula (4.2.1). Hence we can compute it as

DT(Mn) = (_l)nZ(Mn)’

where the Euler characteristic y (M,,) counts the number of fixed points.
It is easy to see (see for instance the proof of [6, Lemma 2.9]) that

M
(4.2.2) D> x(My)g" = #
n=0 q

where M (g) =] ],,51(1—¢™)™™ is the MacMahon function, the generating
series of plane partitions. In particular, the DT partition function for the mod-
uli spaces M,, takes the form

M(—
ZDT(Mn)q”“:q (—q) = q(1-2q +5¢2—11g° +---).
n=0 1+Cl

In the sum, we have switched indices by one to follow the general convention
of weighting the variable g by the holomorphic Euler characteristic.
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4.3.1 Main characters

Let C be a Cohen-Macaulay curve embedded in a quasi-projective variety Y
and let ¢ C Oy denoteitsideal sheaf. Foraninteger n >0, let Q = Quot,, (.¢¢)
be the Quot scheme parametrizing 0-dimensional quotients of .#;, of length
n. See [57] for a proof of the representability of the Quot functor in the quasi-
projective case. By looking at the full exact sequence

0— .9, > 9c—F—0

for a given point [.¢c — F| of Q, we think of the Quot scheme as parametriz-
ing curves Z C Y obtained from C, roughly speaking, by adding a finite sub-
scheme of length n.

Definition 4.3.1. We denote by W/' C Q the closed subset parametrizing quo-
tients .¢; — F such that Supp F c C, where Supp F denotes the set-theoretic
support of the sheaf F. We endow W/ with the reduced scheme structure. <

Given a point [F] € W/, the support of F has the structure of a closed sub-
scheme of Y but not of C in general; however, Supp F defines naturally an
effective zero-cycle on C. Sending [F] to this cycle is a morphism, as we now
show.

LEMMA 4.3.2. Thereis a natural morphism u : W2 — Sym" C sending a quo-
tient to the corresponding zero-cycle.

PROOE Let T be a reduced scheme, which we take as the base of a valued
point So.p » F of W' Letnm : Y xT — T be the projection. Working
locally on Y and T we see that by Nakayama’s lemma, Supp Z Nnn1(t) =
Supp Z; for every closed point ¢ € T. Then the closed subscheme Supp Z c
Y x T is flat over T (because the Hilbert polynomial of the fibres Supp %,
is the constant n and T is reduced), and hence defines a valued point T —
Hilb" Y. Composing with the Hilbert-Chow map Hilb” Y — Sym” Y we get a
morphism T — Sym” Y which factors through Sym” C, by definition of W/}'.

O

For every partition ¢ = (1%1---i%...r%) of n = >, ia; there is a locally
closed subscheme
Sym/, C c Sym" C

parametrizing zero-cycles whose support consists of a; points of multiplic-
ity i, for each i = 1,...,r. So the number of distinct points in the support
is [lal]| = >_; @;. The above subschemes form a locally closed stratification of
Sym" C, which we can use together with the morphism u to stratify W' by
locally closed subschemes

(4.3.1) WS =u"'(Sym) C)c W2,
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In particular, since Sym?n) C 2 C, there is a natural morphism

(4.3.2) me: WM e

corresponding to the deepest stratum.

The main result of this section asserts that, when C is a smooth curve and
Y is a smooth threefold, the map (4.3.2) is a Zariski locally trivial fibration.
The proof is based on the Quot scheme adaptation of the results proven by
Behrend and Fantechi for Hilb” Y [9, Section 4].

Let us now introduce what will turn out to be the typical fibre of 7. Recall
that X denotes the resolved conifold and Cy C X is the zero section.

Definition 4.3.3. We denote by F,, ¢ M,, the closed subset parametrizing sub-
schemes Z C X such that the relative ideal .9, /.#; is entirely supported at
the origin 0 € L = CyN A3. We use the shorthand

Yn — VM,, F,

for the restriction of the Behrend function on M,, to F,. &

We can think of F, and all strata W& c W/ as endowed with the reduced
scheme structure.

Remark 4.3.4. The morphism u : W/ — Sym" C plays the role of the Hilbert-
Chowmap Hilb"” Y — Sym” Y in the 0-dimensional setting, and the subscheme
F, c M,, is the analogue of the punctual Hilbert scheme Hilb" (A3), c Hilb"” A3
parametrizing finite subschemes supported at the origin. &

PROPOSITION 4.3.5. There is a natural isomorphism WL(n) = L x F,. More-

over, ifp : WL(n) — F, is the projection, we have the relation
(4.3.3) VM” WL(n) = p* Vn-

PROOE We view L as the additive group G, and we let it act on itself by
translation. This induces an action of L on M,,. Restricting this action to F,
gives a map

LxF,— I/VL(n)

P . . . . . n
This is an isomorphism, whose inverse is the morphism 7; x p : WL( ) L
E,, where

n)

p:w™ S E,
takes a subscheme [Z] € WL(n) to its translation by —x € G,, where x e L =G,
is the unique embedded point on Z. The identity (4.3.3) follows because the
Behrend function is constant on orbits and for each P € F,, the slice L x {P} is
isomorphic to an orbit. O



43.2 Comparing Quot schemes

Let ¢ : Y — Y’ be a morphism of varieties, where Y is quasi-projective
and Y’ is complete. Let C’ Cc Y’ be a Cohen-Macaulay curve and let C =
¢~ 1(C’) c Y denote its preimage. We assume C is a Cohen-Macaulay curve
and C’ is its scheme-theoretic image. In Lemma 4.3.6 we give sufficient con-
ditions for this to hold.

Given an integer n > 0, we let Q = Quot,, (.¢¢) and Q’ = Quot,, (I¢/).

We will show how to associate to these data a rational map
®:Q-—-Q’.

The rough idea is that we would like to “push down” the n points in the sup-
port of a sheaf [F] € Q and still get n points, which would ideally form the
support of the image sheaf ¢, F. This only works, as one might expect, over
the open subscheme V' C Q parametrizing sheaves F such that ¢|gpp £ is in-
jective. Moreover, the resulting map ® : V — Q’ turns out to be étale when-
ever ¢ is. After extending this result to quasi-projective Y’, we will be able to
compare Quot, (%) with the local picture of M,, = Quot,, (.#; ), and pull back
(étale-locally) the known results about 7; (Proposition 4.3.5) to deduce that
the maps 7. defined in (4.3.2) are Zariski locally trivial, at least when C and
Y are smooth.

LEMMA 4.3.6. Let ¢ : Y — Y’ be an étale morphism of varieties with image
U. IfC’ c Y’ is a Cohen-Macaulay curve and U N C’ is dense in C’, then
C = ¢~ 1(C’) is Cohen-Macaulay and C’ is its scheme-theoretic image.

Before proving the lemma, recall that a closed subscheme C’ of a scheme
Y’ is said to have an embedded component if there is a dense open subset
U c Y’ such that U N C’ is dense in C’ but its scheme-theoretic closure does
not equal C’ scheme-theoretically. Recall that a curve is Cohen-Macaulay if it
has no embedded points.

PROOE Since the restriction C — C’ is étale and C’ is Cohen-Macaulay, C is
also Cohen-Macaulay. Moreover, U is open (because ¢ is étale) and dense (be-
cause Y’ is irreducible), and since U N C’ c C’ is dense, the scheme-theoretic
closure of U N C’ agrees with C’ topologically. But since C’ has no embed-
ded points, they in fact agree as schemes. On the other hand, the open subset
UNC’c C’is the set-theoretic image of the étale map C — C’. Therefore its
scheme-theoretic closure is the scheme-theoretic image of C — C’. So C’ is
the scheme-theoretic image of C. O

Notation. For a scheme S, we will denote g5 = ¢ xidg: ¥ xS — Y’ x S. The
case S = Q being quite special, we will let ¢ denote ¢, = ¢ xidg.

By our assumptions, C’ x S is the scheme-theoretic image of C xS C Y x
S under gg, for any scheme S. Indeed, ¢ is quasi-compact so the scheme-
theoretic image commutes with flat base change.
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Remark 4.3.7. Let & be the universal sheaf on Q, with scheme-theoretic sup-
port ¥ ¢ Y xQ. Since ¥ — Q is proper (by the very definition of the Quot
functor), and it factors through the (separated) projection 7 : Y’ x Q — Q, nec-
essarily the map ¥ — Y’ x Q must be proper. Since ¢,& is obtained as a push-
forward from %, it is coherent. Therefore, pushing forward coherent sheaves
supported on X will still give us coherent sheaves, even if ¢ is not proper. <

Let [F] € Q be any point, and let .#, C .9 be the kernel of the surjection.
Then we have closed immersions C ¢ Z c Y and C’ c Z’ c Y/, where Z’
denotes the scheme-theoretic image of Z. Using that R'¢,F = 0, we find a
commutative diagram of coherent 0y,-modules

0—— jC//jZ/ ﬁz/ ﬁC’ 0

[ [ [

0 — ¢, F —— 9,0, — ¢, 0c — 0

having exact rows. The middle and right vertical arrows are monomorphisms
by definition of scheme-theoretic image. For instance,

jC/ = ker(ﬁy/ - ﬁC/) = ker(ﬁy/ - ﬁC/ - (,D*ﬁc)

implies that 0. — ¢, O is injective.

In fact, this observation can be made universal. Let.#¢, - & be the univer-
sal quotient, living over Y x Q. Looking atits kernel .#~, we get a commutative
diagram

CxQ - Z « YxQ
| | [#
C'xQ — Z/ —— Y’'xQ

where the horizontal arrows are closed immersions, ¢ = ¢ xid, and Z’ de-
notes the scheme-theoretic image of Z. We also get a commutative diagram
of coherent Oy, -modules

0 —— jC’xQ/jZ’ ﬁz/ ﬁC’XQ — 0
0 Py 00z — (p*ﬁCxQ — 0

having exact rows.

Let us consider the composition
(4.3.4) a: yC’XQ —» jC’XQ /yg/ — ¢*g

and let us write ¢ for its cokernel. By Remark 4.3.7, ¢,& is coherent, hence
4 = cokera is coherent, too. Thus Supp .# is closed in Y’ x Q. Since Y’ is
complete, the projection 7w : Y’ x Q — Q is closed. Therefore the complement

(4.3.5) Q\7(Supp #)cQ

is an open subset of Q.
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PROPOSITION 4.3.8. Let [F| € Q be a point such that y is étale in a neighbor-
hood of Supp F and ¢ (x)+¢(y) for all distinct points x,y € Supp F. Then
there is an open neighborhood U c Q of [F| admitting an étale map ® : U —
Q.

PROOE We first observe that we may reduce to prove the result after restrict-
ing Y to any open neighborhood of Supp F inside Y. Indeed, if V is any such
neighborhood, Quot,, (.#¢|y ) is an open subscheme of Q that still contains [F|
as a point. We will take advantage of this freedom by choosing a suitable V.
We divide the proof in two steps.

Step 1: Existence of themap. Let Z C Y be the closed subscheme determined
by the kernel of .¢- - F. Let Z’ C Y’ be its scheme-theoretic image. Since
¢lsupp F isinjective and ¢ is étale around Supp F, the natural monomorphism
S/ Iz — . F is an isomorphism and ¢, F is a sheaf of length n, so that we
get a well-defined point

(4.3.6) (o Fleq’.

Now let B C Y denote the support of F and let V be an open neighborhood of
B such that ¢ is étale when restricted to V. We may assume V is affine, and
in fact we may also assume Y = V, by our initial remark.

In this situation, we have the cartesian square

Y x[F] —— Y xQ

sﬂl m] j@
Y/ x [F] —L— ¥'xQ

where the map @ is affine (as now Y is affine). Therefore, working affine-
locally on Y’ x Q, we see that the natural base change map j*@,& = ¢, F isan
isomorphism. This proves that the surjection .¢-, - ¢, F defining the point
(4.3.6) is obtained precisely restricting « : Yo — P,6, defined in (4.3.4), to
the slice

j:Y'x[F]cY'xQ.

Letting U C Q denote the open subset defined in (4.3.5), we see that a restricts
to a surjection

alyxu : Loy = Pusbu,

where §; = &|y«y. The targetis a coherent sheaf, and it is flat over U. Indeed,
& isflat over Q, thus ¢, & is also flat over Q. But ¢, &y is naturally isomorphic
to the pullback of (¢, & along the open immersion Y’ x U C Y’ x Q, therefore
it is flat over U. Finally, the map «|y. .y restricts to length n quotients

87 cr SO*E ’
for any closed point [E] € U. Therefore we have just constructed a morphism

®:U—-Q, [E] — [¢.E].
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Step 2: Proving it is étale. We may shrink Y further and replace it by any
affine open neighborhood of B = Supp F contained in Y \ A, where A is the
closed subset

A=]Je (b)) \{bicy.
beB
After this choice, the preimage Y,,(;) is the single point {b}, for every b € B.
This condition implies that the natural morphism

(4.3.7) ga*go*F =5 F

isanisomorphism. Although this condition is not preserved in any open neigh-
borhood of [F], it is preserved infinitesimally, which is exactly what we need
to establish étaleness.

We now use the infinitesimal criterion to show @ is étale at the point [F]. Let
t: T — T be a small extension of fat points. Assume we have a commutative

square
gl v h
y e Q'

where g sends the closed point 0 € T to [F]. Then we want to find a unique
arrow v making the two induced triangles commutative. Rephrasing this in
terms of families of sheaves, let ¢ - ¢ and .9, .7 - € be the families
corresponding to g and h, living over Y x T and Y’ x T respectively. We are
after a unique U -valued family .9, 7 — ¥ over Y x T with the following prop-
erties.

(x) The condition ®o v = h means we can find a commutative diagram
IonT 7.7V
lz of sheaveson Y’ x T.

|
Iong ——» H

Let us explain the condition in detail. We use, in the following, the no-
tation p = 1y x p and p = 1y, x p, for a given map p. Looking at the

diagram
YXT —2 ., y'xT
o v
Yu /
YxU Y'xU
)
Y xQ Y'xQ'

we should require
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where & is the universal quotient sheaf on Y’ x Q’. However,
=X o A = ~
e &= U*(PU*(gJU = (pf*dt/,
where we have used “affine base change” again.

() Looking at

YxT N Y'xT,

the condition v ot = g means we can find a commutative diagram
* _ e
U —> UV
” lz of sheaveson Y x T

ijT » 4

We observe that
(i) theisomorphism g7, ¥ = # defining (), and
(ii) theisomorphism go*T(pT*“i/ = ¥, the “infinitesimal thickening” of (4.3.7),

together determine v uniquely: it is the unique arrow corresponding to the
isomorphism class of the surjection

ijT: W*TjC’xT_» QO*T% =7.

To check that condition () is fulfilled by this family, we use that og = hot.
In other words, there is a commutative diagram

U I g —» U A
” lz of sheaveson Y’/ x T.

Ioxr — P19
As before, we have noted that the family corresponding to ®o g is
g ouxbu = o149,
where g isthe mapidy, xg: Y’ x T — Y’ x U. Now we can compute
UV =Tpr Al 2 eIU A 2o, G =Y.
This finishes the proof. O

COROLLARY 4.3.9. Let ¢ : Y — Y’ be an étale map of quasi-projective vari-
eties, C' ¢ Y’ a Cohen-Macaulay curve with preimage C. Let V C Q be the
open subset parametrizing quotients .9c — F such that p(x)#¢(y) for all
X+ y €Supp F. Then there is an étale map®: V — Q’.
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PROOE. To apply Proposition 4.3.8, we need the target to be complete. There-
fore, after completing Y’ to a proper variety Y’, let us denote by C’ the scheme-
theoretic closure of C’. Then, Proposition 4.3.8 gives us an étale map ®: V —
Q’, where the target is the scheme of length n quotients of 4. The map sends
[F]— [t.9,F], wheret: Y/ — Y is the open immersion. However, the support
of 1, F can be identified with Supp (¢, F) c Y’ for all [F], so that ® actually
factors through Q’. O

433 Applications to threefolds

In this section we assume Y and Y’ are quasi-projective threefolds. All the
other assumptions and notations from the previous sections remain unchanged
here.

If ¢ : Y — Y’ is an étale map, we see that the induced morphism

o:V—-Q

of Corollary 4.3.9, when restricted to the closed stratum Wc(n) Cc V, appearsin
a Cartesian diagram

Wl e ¢
(4.3.8) @l o ‘90
Wé/n) Ter C/

where the horizontal maps were defined in (4.3.2). Let V' c Q’ be the image
of the étale map ® : V — Q’. Then the commutative diagram

open

(n) ¢
1A 14

0|
, open

Q

yields the relation

4.3.9 n) — q)* / n) |y
(4.3.9) vl ym =¥ (vl )
which will be useful in the next proof.

PROPOSITION 4.3.10. Let ¢ : Y — A3 be an étale map of quasi-projective
threefolds, and let L ¢ A3 be a line.

(@) IfC = ¢! (L) C Y, we have a natural isomorphism Wc(n) =CxE,.

(ii) The restricted Behrend function v () agrees with the pullback of v,,
C

under the natural projection to F,,.
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PROOE With the help of (4.3.8), we find a diagram

w!" ¢ Y
@l [m] ‘ =] lét
E, —l—w A3

so that the first claim follows by the isomorphism WL(") = L x F,, of Proposi-
tion 4.3.5. As for Behrend functions, we have, using (4.3.9) and (4.3.3),

70y = & (v, |y 0) = @(p"va).

The claim follows. O

The following can be viewed as the analogue of [9, Cor. 4.9].

COROLLARY 4.3.11. Let Y be a smooth quasi-projective threefold. If C C Y
is a smooth curve, the map

ﬂcZWén)—)C

is a Zariski locally trivial fibration with fibre F,,. More precisely, there exists a
Zariski open covering C; C C such that for all i one has an isomorphism

(4.3.10) (1 (Ci), vg) = (Ci, 1) x (Fy, vy)
of schemes with constructible functions on them.

PROOE Cover Y with open affine subschemes U; such that, for each i, the
closed immersion C; = CNU; c U; is given, when C; is nonempty, by the
vanishing of two equations. We can do this because C is a local complete in-
tersection. Possibly after shrinking each U;, we can find étale maps U; — A3
and (using the smoothness of C) Cartesian diagrams

G —— U
l O jét
L — A3

where L is a fixed line in A3. Combining (4.3.8) with (both statements of)
Proposition 4.3.10 yields Cartesian diagrams

TEC[
CixF —— G

and the claimed decomposition (4.3.10). O
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We end this section by observing that the geometry of the Quot scheme Q.
is quite difficult to analyze. For instance, it contains a copy of Hilb” (Y \ C) as
an open subscheme, and Hilbert schemes of points on threefolds are far from
being fully understood. For sure, if C and Y are nonsingular, the same is true
for Qé, for

Q. =BlcY.

However, unlike Hilb” X, which is smooth in all dimensions if n < 3 (when
X is smooth), the Quot scheme is already singular for n = 2, as the following
example shows.

Example 4.3.12. We consider M, = Quot,(.#; ) for aline L c A3, for instance
L =V(x,y). Wewill exhibit a singular point belonging to the torus fixed locus
M. First of all, from the stratification

M, =Hilb*(A’\ L) I (A>\ LxP') 1T W/?
we see that dim M, = 6. Consider the point [Z] € M, corresponding to
S, =(x*y% xy,xz,yz) cC|x,y,z].

This is depicted in Figure 2 below. We can fix a C-linear basis {x,y} of the
relative ideal .#; / ¢, C 0. Alinear map h € Homps (97, .91/ 97) = Tz1M; is
described in terms of this basis as

h(x?)=a;x+ by
h(y?) = a;X + by
h(xy)=asx + b3y
h(xz)=a;x+ byy
h(yz)=asx+ bsy

along with the relations
y-h(x*)=x-h(xy), z-h(x?*)=x-h(xz),
z-h(y?

x-h(y*)=y-h(xy), z2-h(y*)=y-h(yz),
x-h(yz)=y-h(xz)=z-h(xy).

But all these relations are in fact the vacuous identity 0 = 0, so the tangent
space Tjz) M, is 10-dimensional, and since 10 > 6 we have that [Z] is a singular
point. &

44 The weighted Euler characteristic of Qf

The goal of this section is to prove the following result, anticipated in the
Introduction.

THEOREM 4.4.1. LetY be asmooth quasi-projective threefold, C C Y asmooth
curve. IfQ} = Quot, (¢ ), then

7(Q¢) = (=1)"x(Q¢)-
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Figure 2: A singular point of the Quot scheme M,.

441 Ingredients in the proof

We briefly discuss the main tools used in the proof of the above formula.

Stratification

We start by observing that we have a stratification

(4.4.1) Qe = | | Hib™/(v\c)xwg
0<j<n
akj
by locally closed subschemes, “separating” the points away from the curve
from those embedded on the curve. We think of a partition a - j as a tuple of
positive integers
a z-z2a, 21

such that > a; = j. Here r, is the number of distinct parts of a. Recall that
J
WS cQg,

defined for the first time in (4.3.1), parametrizes configurations of r, distinct
embedded points on C, having respective multiplicities @y, ..., @, . According
to (4.4.1), it is natural to expect the number

7(Q¢) = 2(Q¢, voz)

to be computed combining the following data.
First of all, “point contributions” from Hilb" /(Y \ C) are taken care of by
[9, Thm. 4.11], which implies the formula

(4.4.2) 7 (HilbF(v\ C)) = (=1)*y (Hilb* (v \ C)).

Secondly, contributions from W C WCj will be fully expressed (thanks to the
content of the previous section) in terms of the deepest stratum. The only
relevant character here is the “punctual” locus F,. It will be enough to know
that

(4.4.3) 7 (F,v;) = (=1)! 2 (F),

which follows from [9, Cor. 3.5]. Note that here y (F;) = y(M;) counts the
number of fixed points of the torus action we have recalled in Section 4.2.1.
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The Behrend function

Recall from [5] that any complex scheme Z carries a canonical constructible
function v, : Z — Z. This is the “Behrend function” of Definition 1.1.1, which
already made its appearance in the course of this chapter. In Definition 1.1.2
we recalled the weighted Euler characteristic

HZ)=5(Z,vz) =D ky (v (k).

keZ

Given a morphism f : Z — X, Behrend also considered the relative weighted
Euler characteristic

(2, X) =3 (Z,f*rx).

We now list its main properties following [5, Prop. 1.8]. First of all, it is clear
that 7 (Z) = 7(Z, Z) through the identity map on Z.

(B1) If Z = 27,117, for Z; C Z locally closed, then
1(Z,X)=7(Z1,X) + }(Z2, X).
(B2) Given two morphisms Z; — X;, i = 1,2, we have
H(Zyx Zy, Xy x Xo) = (21, X1) - 7 (22, Xa).
(B3) Given a commutative diagram
T

W ——s

— X

Y

with X — Y smooth and Z — W finite étale of degree d, we have
7(2,X)=d(-1)"" Y 7 (W, Y).

(B4) This is a special case of (B3): if X — Y is étale (for instance, an open
immersion), then 7(Z,X) = 7(Z,Y).
4.4.2 The computation

We can start the proof of Theorem 4.4.1. Let us shorten ¥y = Y\ C for con-
venience. After fixing a partition a - j, let

Ve[ Jo&
i

denote the open subscheme consisting of tuples (K, ..., F, ) of sheaves with
pairwise disjoint support. According to Corollary 4.3.9, we can use the étale
cover II; Y — Y to produce an étale morphism

fa:Va_’Qé-
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It is given on points by taking the “union” of the 0-dimensional supports of
the sheaves F,. Letting U, be the image of f,, we can form the diagram

open a;
Zy € Vo IT.Qc
GalmsJ ‘fa
open i
W < J
C Ua QC

where the Cartesian square defines the scheme Z,. The morphism on the left
is Galois with Galois group G,, the automorphism group of the partition a. It

is easy to see that in fact
=[wi\a
i

also fits in the Cartesian square

_open (1)
Za Hi WC

(4.4.4) l i ln

Ccr\A 22, Cra

where W Q " is the deep stratum, A denotes the “big diagonal” (where
at least two entries are equal), and the vertical map 7, is the product of the

fibrations 7. : W( @) _, C,fori=1,...,r,.
We need two identities before we can finish the computation.

First identity. We have

4.4.5) 7 (W) =16l g (C\M) ] [ (B)

Indeed, for each ¢, the map
Tg:Zg— C*\A

appearingin (4.4.4) is Zariskilocally trivial with fiber [ [; F,, by Corollary4.3.11.
Formula (4.4.5) follows since W is the free quotient Z, / G,.

Second identity. We have

(4.4.6) za,]_[oc 2(C\A) ]_Ix Fypr V).

Indeed, by Corollary 4.3.11, we can find a Zariski open cover { B;}; of C'«\ A

such that
( lBs’V) BS’IB (I_IFal l_[Va)
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In the left hand side, v denotes the Behrend function restricted from ]_L. Qgi.
We can refine this to a locally closed stratification I, U; = C’«\ A such that
each U, is contained in some B;. Therefore,

)Z(Za,]_[Qg")zzelZ(ﬂ;IUe,]_[Qg") by (B1)
i i
:;X(UZ x]_[Fai,lU[ xl_lvai)
i i
:ZI:X(UZ'IW)I—[X(FOH’VH:‘) by (B2)
4 i
=2\ |1 (B va,)s
i

and (4.4.6) is proved.
Note that combining (4.4.1) and (4.4.5) we get
@47 2(QE) =Dz (HI"I %) Gz (C\M) [ T (Fy)-
Jja i
We now have all the tools to finish the computation. Let us fix j and a parti-

tion ¢ j. We define
D, cHilb" ™/ Y x l_[ng
i

to be the set of tuples (Zy, K, ..., F; ) such that (F,..., F, ) € V, and the sup-
port of Z; does not meet the support of any F;. Then D,, is an open subscheme.
The Galois cover 1 x f,, : Hilb" ™/ ¥, x Z,, — Hilb" 7 ¥, x W extends to an étale
map D, — Qg, so that we have a commutative diagram

Hilb"/ Yy x Z, — D,
(4.4.8) 1x fal jét
Hilb" 7 Yy x W —— Q2.

Therefore we can start computing 7(Q¢) = x (Q¢, vor ) as follows:

7(QM) = Z 7 (Hilb" 7 Yy x W%,Q2) by (B1) applied to (4.4.1)
Ja
- Z G|~ 7 (Hilb" ™/ Yy x Zg, D,,) by (B3) applied to (4.4.8)
Jja
= "1G, ™ 7(Hilb" ¥ x Zg, Hilb" ¥ x [ [ Q&) by (B4)
e j

1
=D 1Gal™ Z(Hilb™ ™ Yo, Hilb" 7 ¥)- 7(Ze, | [ Q) by B2)
i

ja
=D 1Gal™ 7 (HiIb" T %) 7 (C"\A) [ [ x(Fayo ve,) by (B4) and (4.4.6)
Ja i
= (=1)" > 7 (Hilb" 7 %) |Go[ ™ 7 (C"\A) [ [ (F,) by(“.4.2)and @.43)
T i
= (—1)"x(Q¢) by (4.4.7).

This completes the proof of Theorem 4.4.1.



Question 4.4.1. It would be nice to know whether the Behrend function on
M,, = Quot, (.#;) is the constant sign (—1)". As far as we know, this is still
open even when the curve is absent, namely for Hilb” A3.

45 ldeals, pairs and quotients

In this section we give some applications of the formula
7(Q¢) = (=1)"2(Q¢)-

We show that the DT/PT correspondence holds for the contribution ofa smooth
rigid curve in a projective Calabi-Yau threefold. We discuss, at a conjectural
level, the case of an arbitrary smooth curve.

451 Local contributions

We fix a smooth projective threefold Y and a Cohen-Macaulay curve C c Y
of arithmetic genus g = 1— y (0 ), embedded in class € H,(Y,Z). We will
use the Quot scheme to endow the closed subset

{zcvy|Cccz, y(9c/97)=n}chgin(Y,B)
with a natural scheme structure.
LEMMA 4.5.1. There is a closed immersiont: Qf — I, _g 1 ,(Y,f).

PROOE Let .9« — 7 beaflatfamily of quotients parametrized by a scheme
T. Letting Z ¢ Y x T be the subscheme defined by the kernel of the surjection,
we get an exact sequence

0_)9_)072_)0ch_)0'

The middle term is flat over T, therefore it determines a point in the Hilbert
scheme of Y. The discrete invariants 8 and y = 1—g + n are the right ones,
as one can see by restricting the above short exact sequence to closed points
of T. Therefore we get a morphism

L:Q¢ = hgin(Y,B).

The correspondence at the level of functor of points is injective, and the mor-
phism is proper (since the Quot scheme is proper, as Y is projective). More-
over ( is injective at the level of tangent spaces; indeed, the tangent map

Hom(ﬂz,g) - Hom(ﬂz, 02)

obtained by applying Hom(.#,,—) to the above exact sequence, is injective for
all [#] € Q. But a proper morphism that is injective on points and on tangent
spaces is a closed immersion. O
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Definition 4.5.2. We define
(4.5.1) L(Y,C)CL_g n(Y,B)
to be the scheme-theoretic image of 1 : Q — ¢, (Y, B). &

Remark 4.5.3. The closed subset |I,(Y,C)|C I,_4,,(Y, ) also has a scheme
structure induced by GIT wall-crossing [75]. Another scheme structure is de-
fined in the recent paper [18]. See in particular Definition 4, where the nota-
tion used is Hilb" (Y, C). We believe both these scheme structures agree with
the one of our Definition 4.5.2, in which case they describe schemes isomor-

phic to Q[. &

Assume Y is a projective Calabi-Yau threefold. By the main result of [5], the
degree B curve counting invariants

DT, p :f 1, Pl :J 1
(L (Y,8)]¥ [P (¥,)]

can be computed as weighted Euler characteristics of the corresponding mod-
uli spaces, since the obstruction theories defining the virtual cycles are sym-
metric. One can define the contribution of C to the above invariants as

(4.5.2) DTn,C:Z(In(Y!C)!VI)’ PTn,C:Z(Pn(Y’ C), Vp).

Here we have set I = I, ¢ ,(Y,$) and P = P4z ,(Y,B). The subscheme
P,(Y,C) c P consists of stable pairs with Cohen-Macaulay support equal to
C. Note that these integers remember how C sits inside Y, since the weight is
the Behrend function coming from the full moduli space.

An immediate consequence of Theorem 4.4.1 is a formula for the DT contri-
bution of a smooth rigid curve.

THEOREM 4.5.4. Let Y be a projective Calabi-Yau threefold, C C Y asmooth
rigid curve. Then

DTyc=(=1)"x (1.(Y,C)).

PROOE The inclusion (4.5.1) is both open and closed thanks to the infinites-
imal isolation of C. Then v,l;,(y,c) = V1,(v,c), thus

DT, c=7(I,(Y,C))=(=1)"y(I,(Y,C)),
as claimed. 0

Remark 4.5.5. In the rigid case, DT, ¢ is a DT invariant in the classical sense,
namely it is the degree of the virtual class [I,, (Y, C)]"" obtained by restricting
theoneon I, ¢ ,(Y,p). &

Theorem 4.5.4 can be seen as an instance of the following more general re-
sult, which is also a direct consequence of Theorem 4.4.1.
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PROPOSITION 4.5.6. Let Y be a smooth projective threefold. If C C Y is a
smooth curve of genus g, then

(45.3) > 7 a(Y,C))g" =M (=q)* ) (14 q)% 2.

n>0

PROOE For any smooth threefold X we have Cheah’s formula [22]
D x (Hilb" X)g" = M(q)*X).
n>0

On the other hand, for every partition « of n, written in the form
a= (1‘11 - ...gai)’
we have a Zariski locally trivial fibration
WS — Sym/ C
with fibre [ |; F;*'. Therefore
x (W) ZZX(SYHIZ )] [ (r)"
akn i

so the natural power structure on Z recalled in (2.2.1) yields

x(C)
Z%(Wc”)q”z(Zx(Fn)q") -

n>0 n>0

Applying Cheah’s formula to X = Y \ C, we compute

x(C)
> 2 (Y,C))q" =M(q)"<y\c)-(2x(&)q”) by (4.4.1)

n=>0 n>0

2(C)
:M(q)“y\c)-(Zx(Mn)q”) as  (Fy) = 1 (M,)

n>0

x(C)
_ M(q)x(Y\c),(l‘l/[_L‘;)) by (4.2.2)

=M(q)*")(1-q)%2.
The claimed formula follows by Theorem 4.4.1. O

Remark 4.5.7. Formula (4.5.3) can be rewritten as

(45.4) D 2 (Ia(Y,0))q" =M (=q)*") > 7 (P.(Y,C))q".
nz=0 n=0

Indeed P, (Y, C) = Sym” C is smooth of dimension n, thus 7 = (—1)" . The
latter identity can be seen as the v-weighted version of the “local” wall-crossing
formula between ideals and stable pairs, which was already established for a
single Cohen-Macaulay curve at the level of Euler characteristics [75, Thm. 1.5].
In other words, (4.5.4) is precisely what happens to the Stoppa-Thomas iden-
tity

> 11 (Y,0))a" =M (@) £ (B(¥,C))g"

n=0 n=0

when we replace g by —¢g. &

57



58 | Curve counting via Quot schemes

452 DT/PT wall-crossing at a single curve

Let C be a smooth curve of genus g, embedded in class  in a smooth pro-
jective Calabi-Yau threefold Y. Let us define the generating series

DTc(q) = ZDTn,an

n>0

PTc(q) :ZPTn,an

n>0

encoding the local contributions defined in (4.5.2). The stable pair side has
already been computed [63, Lemma 3.4]. The result is

(4.5.5) PTe(q) = ngc-(1+q)%72,

where ng ¢ is the g-th BPS number of C. For instance, if C isrigid, then ng ¢ =
1 and thanks to Theorem 4.5.4 we see that (4.5.3) can be rewritten as

DTc(q) =M(—q)*")-PTc(q).

This formula can be seen as a “local DT/PT correspondence”, or local wall-
crossing formula at C. We next prove that such formula, for arbitrary C, is
equivalent to the following conjecture.

Conjecture 1. Let C be a smooth curve in a projective Calabi-Yau threefold
Y. LetT = I,_4 (Y, 8) be the Hilbert scheme where the ideal sheaf of C lives
as a point. Then, for all n, one has

DT,.c = vz(Ic) 7 (1,(Y,C)). L

Remark4.5.8. An equivalent formula has been conjectured by Bryan and Kool
in their recent paper [18]. See Conjecture 18 in loc. cit. for the precise (more
general) setting. O

THEOREM 4.5.9. Let Y be a projective Calabi-Yau threefold, C C Y asmooth
curve. Then Conjecture 1 is equivalent to the wall-crossing identity

DTc(q) =M (—q)*™")-PTc(q).

PrROOE Combining (4.5.5) with (4.5.3), we see that the right hand side of the
formula equals

ngc- S 7(1n(Y,C))q".

n>0

Therefore the DT/PT correspondence holds at C if and only if

DTn,C =nNg.c -)Z(I,Z(Y,C)).

We are then left with proving that v7(.9¢) = ng ¢. Recall that the moduli space
of ideal sheaves is isomorphic to the moduli space of stable pairs along the
opensubschemes parametrizing pure curves. Moreover, themap ¢ : P,_4(Y, ) —
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M to the moduli space of stable pure sheaves considered in [63], defined by
forgetting the section of a stable pair, satisfies the relation

Vp_(v.p) = (1)@ v

by [63, Thm. 4]. Hence

vz(Ie) = vovr (Sc)
= p_,(v.p) [0y > Oc])
=(-1)¥vm(oc)

= ng, C
where the last equality is [63, Prop. 3.6]. O

Remark 4.5.10. Thanks to the identity v7(.9;) = ng ¢, proved in the course
of Theorem 4.5.9, Conjecture 1 can be rephrased as

DTn,C = VP|pn(y’C) .Z(IH(Y’ C))’

where vp|p, (v,c) is the constant (—1)" - ng ¢ = (=1)"8 v, (0¢ ). In particular
the conjecture says that the DT and PT contributions of C differ from the Euler
characteristic of the corresponding moduli space by the same constant. <>

We end this chapter with some speculations, indicating plausibility reasons
why Conjecture 1 should hold true.

Suppose we were able to show that, given a point .¢, € I,(Y,C) c I, a for-
mal neighborhood of .#; in [ is isomorphic to a product

UxV,

where U is a formal neighborhood of .#; in 7 and V is a formal neighboor-
hood of .¢; in I,(Y,C). Then, since the Behrend function value »(P) only
depends on a formal neighborhood of P [40], this would immediately lead to
the Behrend function identity

(4.5.6) Vil (v.c) = VE(He) Vi v.0)

from which Conjecture 1 follows after integration. One reason to believe in a
product decomposition as above is the following. At least when the maximal
purely 1-dimensional part C ¢ Z is smooth, one may expect to be able to “sep-
arate” infinitesimal deformations of C (the factor U) from those deformations
of Z that keep C fixed (the factor V in the Quot scheme). This decomposition
is manifestly false when C acquires a singularity, and we do not know of any
counterexample in the smooth case.






5 THE DT/PT CORRESPONDENCE
FOR SMOOTH CURVES

51 Introduction

This chapter is essentially the content of [69]. The purpose is to prove Con-
jecture 1 (see p. 58), so far only established for rigid curves. The main result
will then be the following.

THEOREM 5.1.1. Let Y be a smooth, projective Calabi-Yau threefold, C C Y
a smooth curve. Then the DT/PT correspondence holds for C,

(5.1.1) DTc(q) =DTo(Y,q)-PTc(q).

Here DT (Y, q) is the MacMahon factor M (—g)%(Y).

In fact, the conclusion of the theorem holds for all Cohen-Macaulay curves,
by recent work of Oberdieck [60]. While he works with motivic Hall algebras,
our method is geometric, combining results from the previous chapter with a
local study of the Hilbert—-Chow morphism.

Conventions. The Calabi-Yau condition, as usual, is simply the existence of a
trivialization of the canonical line bundle. The Chow functor of a projective
variety Y is the one constructed by D. Rydh, as well as the Hilbert-Chow mor-
phism Hilb, (Y) — Chow, (Y). We refer to [70] for all details regarding these
constructions.

52 The DT/PT correspondence

In this section we outline our strategy to deduce Theorem 5.1.1.

Let Y be a smooth projective variety, not necessarily Calabi-Yau. We con-
sider the Hilbert-Chow morphism

(5.2.1) Hilb, (Y) — Chow, (Y)

constructed in [70], sending a 1-dimensional subscheme of Y to its fundamen-
tal cycle. We recall its definition in Section 5.3.1. Let I,,,(Y, ) c Hilb, (V) be
the component parametrizing subschemes Z C Y such that

1(0)=meZ,  [Z]=peH(Y,2).

Similarly, we let Chow, (Y, ) c Chow; (Y ) be the component parametrizing
1-cycles of degree . Then (5.2.1) restricts to a morphism

hy: 1, (Y,B) — Chow, (Y,B).
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Definition 5.2.1. Fix an integer n > 0. For a Cohen-Macaulay curve C c Y of
arithmetic genus g embedded in class §, we let

In(Y: C) c Il—ngn(Y’ﬂ)
denote the scheme-theoretic fibre of h;_, ,,, over the cycle of C. &

Remark 5.2.2. We will use that the natural transformation (5.2.1) is an isomor-
phism around normal schemes, at least in characteristic zero [70, Cor. 12.9].
Thus, forasmooth curve C c Y, we will identify Chow with Hilb locally around
the cycle [C] € Chow, (V) and the ideal sheaf .#; € Hilb; (Y). For this reason,
we will not need the representability of the global Chow functor in what fol-
lows, as around the point [C] € Chow, (Y, ) we can work with the ideal sheaf
Yo €L4(Y,p) instead. &

Consider the Quot scheme

QUOtn (jC)

parametrizing quotients of length n of the ideal sheaf .¢- ¢ ¢y. We proved
in Lemma 4.5.1 that the association [0 : .. - &]| — ker0 defines a closed
immersion

(5.2.2) Quot, (I¢) = Li_g1n(Y,B).

Recall that for a scheme S, an S-valued point of the Quot scheme is a flat quo-
tient & = $-«s/.#7, and in the short exact sequence

0—>(g)—>ﬁz—)ﬁcxs—>0

over Y x S, the middle term is S-flat, so Z defines an S-pointof I, _g, ,(Y, ).
The S-valued points of the image of (5.2.2) consist precisely of those flat fam-
ilies Z € Y xS — S such that Z contains C x S as a closed subscheme. This
will be used implicitly in the proof of Theorem 5.2.3.

The schemes I,,( Y, C) and Quot,, (.#¢ ) have the same C-valued points: they
both parametrize subschemes Z c Y consisting of C together with “n points”,
possibly embedded. The first step towards Theorem 5.1.1 is the following re-
sult, whose proof is postponed to the next section.

THEOREM 5.2.3. Let Y be a smooth projective variety, C C Y asmooth curve
ofgenus g. Then I,,(Y,C) = Quot, () as subschemes of I, _g (Y, p).

As an application of Theorem 5.2.3, in Section 5.4 we compute the reduced
Donaldson-Thomas theory of a general Abel-Jacobi curve of genus 3.

To proceed towards Theorem 5.1.1, we need to examine the local structure
of the Hilbert scheme around subschemes Z ¢ ¥ whose maximal purely 1-
dimensional subscheme C C Z is smooth. The result, given below, will be
proven in the next section.

THEOREM 5.2.4. Let Y be a smooth projective variety, C C Y asmooth curve
of genus g. Then, locally analytically around I,(Y,C), the Hilbert scheme
Ii_g+n(Y,B) is isomorphicto I,(Y,C) x Chow, (Y, ).
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Roughly speaking, this means that the Hilbert-Chow morphism, locally about
the cycle

[C] € Chow, (Y, ),

behaves like a fibration with typical fibre I,,(Y,C). To obtain this, we first
identify Chow with Hilb locally around C, cf. Remark 5.2.2. We then need to
trivialize the universal curve ¢ — Hilb, which can be done since smooth maps
are analytically locally trivial (on the source). However, even if we had 4 =
C x Hilb, we would not be done: the fibre of Hilbert—-Chow (which is the Quot
scheme by Theorem 5.2.3) depends on the embedding of the curve into Y,
not just on the abstract curve. So to prove Theorem 5.2.4 we need to trivialize
(locally) the embedding of the universal curve into Y x Hilb. This is taken care
of by a local-analytic version of the tubular neighborhood theorem. After this
step, Theorem 5.2.4 follows easily.

Granting Theorems 5.2.3 and 5.2.4, we can prove the DT/PT correspondence
for smooth curves. So now we assume C is a smooth curve embedded in class
B in a smooth, projective Calabi-Yau threefold Y.

PROOF OF THEOREM 5.1.1. By [70, Cor. 12.9], the Hilbert-Chow morphism
hi—g : 1g(Y, ) — Chow (Y, )

is (in characteristic zero) an isomorphism over the locus of normal schemes.
Under this local identification, the cycle [C] corresponds to the ideal sheaf .%¢.
We let v(.#¢) be the value of the Behrend function on I,_, (Y, ) at the point
corresponding to .#.. Since the Behrend function can be computed locally
analytically [5, Prop. 4.22], Theorem 5.2.4 implies the identity

V1|1n(y,c) =v(Ic) Vi, (v.c)

where v; is the Behrend function of I = I,_¢,, (Y, 8). After integration, we
find

DTy = v(Ic) 7 (1n(Y, C)),

where 7 (I,(Y,C)), by Theorem 5.2.3, agrees with the weighted Euler charac-
teristic of the Quot scheme Quot,, (.%¢ ). But we proved in Theorem 4.5.9 that
the relation

DTn,C = v(jC) 'Z(QUOtn (j’c))

is equivalent to the C-local DT/PT correspondence expressed in (5.1.1), so the
theorem follows. O

As observed in Section 4.5, the local DT/PT correspondence says that the
local invariants are determined by the topological Euler characteristic of the
corresponding moduli space, along with the BPS number of the fixed smooth
curve C C Y. The latter can be computed as

ng.c = V(jC)'
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For any integer n > 0, the formulas are

DTn,C =nNgc- (_1)71){(1’1(1/’ C))’
PTn,C =Ng,c (—1)”){(])”(1/, C))

In particular, the local invariants differ by the Euler characteristic of the corre-
sponding moduli space by the same constant.

5.3 Proofs

It remains to prove Theorems 5.2.3 and 5.2.4. For Theorem 5.2.3, we need
to review some definitions and results from [70].

5.3.1 The fibre of Hilbert—Chow

Rydh has developed a powerful theory of relative cycles and has defined a
Hilbert-Chow morphism

(5.3.1) Hilb, (X /S) — Chow, (X /S)

for every algebraic space X locally of finite type over an arbitrary scheme S.
For us X is always a scheme, projective over S.

We quickly recall the definition of (5.3.1). First of all, the Hilbert scheme
Hilb, (X /S) parametrizes S-subschemes of X that are proper and of dimen-
sion r over S, but not necessarily equidimensional, while the Chow functor
Chow, (X /S) classifies equidimensional, proper relative cycles of dimension
r. We refer to [70, Def. 4.2] for the definition of relative cycles on X /S. Cycles
have a (not necessarily equidimensional) support, which is a locally closed
subset Z ¢ X. Rydh shows[70, Prop. 4.5] thatif ¢ isarelativecycleon f : X — §
with support Z, then, for every r > 0, on the same family there is a unique
equidimensional relative cycle a, with support

Z,={xeZ|dim,Z; ) =r}cZ.

Cycles are called equidimensional when their supportis equidimensional over
the base. The essential tool for the definition of (5.3.1) is the norm family, de-
fined by the following result.

THEOREM 5.3.1 ([70, Thm. 7.14)). Let X — S be a locally finitely presented
morphism, F a finitely presented Ox -module which is flat over S. Then there
is a canonical relative cycle Nx on X /S, with support equal to Supp F. This
construction commutes with arbitraty base change. When Z c X is a sub-
scheme which is flat and of finite presentation over S, we write N, = N, 0,

The Hilbert-Chow functor (5.3.1) is defined by Z — (N7),.



53 Proofs | 65

Even though we do not recall here the full definition of relative cycle, the
main idea is the following. For a locally closed subset Z ¢ X, Rydh defines a
projection of X / S adapted to Z to be a commutative diagram

P, x

|

where U — X x4 T is étale, B — T is smooth and p~'(Z) — B is finite. A
relative cycle @ on X /S with support Z c X is the datum, for every projection
adapted to Z, of a proper family of zero-cycles on U / B, which Rydh defines
as a morphism

(56.3.2)

Ne———C

g
—_—

(ZU/B/TZB—>F*(U/B)

to the scheme of divided powers. We refer to [70, Def. 4.2] for the additional
compatibility conditions that these data should satisfy.

Let now F be a flat family of coherent sheaveson X /S. Ifp= (U,B, T,p,g)
denotes a projection of X /S adapted to Supp F C X as in (5.3.2), then the
zero-cycle defining the norm family Nz at p is

NE)uss/r =Nper/s)

constructed in [70, Cor. 7.9]. For us F will always be a structure sheaf, so it will
be easy to compare these zero-cycles.

If Z c X is a subscheme that is smooth over S, then the norm family N,
is an example of a smooth relative cycle, cf. [70, Def. 8.11]. The next result
states an equivalence, in characteristic zero, between smooth relative cycles
and subschemes smooth over the base.

THEOREM 5.3.2 ([70, Thm. 9.8]). If S is of characteristic zero, then for every
smooth relative cycle a on X /S there is a unique subscheme Z C X, smooth
over S, such thata = N;.

We can now prove Theorem 5.2.3. We fix Y to be a smooth projective variety,
C c Y a smooth curve of genus g in class 8, and we denote by I,,(Y, C) the
fibre over [C] of the Hilbert-Chow morphism

Ligyn(Y,B)— Chow, (Y, ),
as in Definition 5.2.1.
PROOF OF THEOREM 5.2.3. We need to show the equality
I,(Y,C) = Quot, (%)

as subschemes of I, ¢, (Y, ). Let S be a scheme over C, and set X = Y x S.
Then a family
ZCcX—>S
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in the Hilbert scheme is an S-valued point of I,,( Y, C) when (Nz); = Nc¢ys.
The closed immersion (5.2.2) from the Quot scheme to the Hilbert scheme
factors through I,,(Y, C). Indeed, any S-point .¢c,s - Ycxs/ ¢, of the Quot
scheme gives a closed immersion C x S <— Z whose relative ideal is of dimen-
sion zero over S, thus we have (N ); = (Ncxs)1 = Ncxs, where in the second
equality we used that N¢,g is equidimensional of dimension one over S. So
we obtain a closed immersion

t:Quot, (Fc)—I,(Y,C).
For every scheme S, we have an injective map of sets
() : Quot, (£c)(S) = (¥, C)(S),

and since ¢(Spec C) is a bijection, so far ¢ is just a bijective closed immersion.
We need to show ¢ (S) is onto, and for the moment we deal with the case where
S is a fat point. In other words, assume S is the spectrum of a local artinian C-
algebra with residue field C. Let Z c X — S be an S-valued point of I,,( Y, C).
Consider the finite subscheme F C Y C X given by the support of .9 /.9,
where Zj is the closed fibre of Z — S. Form the open set V = X\ F c X. Then
we have, as relative cycles on V' /S,

(NZ)1|V :Nst|V :mes)mv-

We claim the left hand side equals the relative cycle Nz . For sure, these two
cycles have the same support, as ZNV = Z; NV, and they are determined by
the same set of projections; indeed, being equidimensional of dimension one,
they are determined by (compatible data of) relative zero-cycles for every pro-
jection py,s = (U,B, T, p,g) such that B/ T is smooth of relative dimension
one. Let us focus on (N); first. Here r = 1 is the maximal relative dimen-
sion of a point in Z, so the zero-cycle corresponding to a projection py /s as in
(5.3.2), and adapted to Z;, is the same as the one defined by the norm family
of Z (cf. the proof of [70, Prop. 4.5]), namely N,,.4, /5. Now we restrict to the
open subset i : V — X. By definition of pullback, the zero-cycle attached to a
projection py s (adapted to Z; N V) is the cycle corresponding to the projec-
tion (U,B,T,iop,g) for the full family Z /S, namely

Niopya, 18 =Np+a,0,/5-

The latter is precisely the zero-cycle defining the norm family of ZNV /S at
the same projection py /g, so the claim is proved,

Nzaw = (N2, -

By the equivalence between smooth cycles and smooth subschemes stated in
Theorem 5.3.2, we conclude that ZN'V and (C x )NV are the same (smooth)
family over S. Moreover, the closure

(CxS)nVcz

equals C x S, because the open subscheme (C xS)NV c C x S is fibrewise
dense (intersecting with V is only deleting a finite number of points in the



special fibre). We have thus reconstructed a closed immersion C x S — Z, giv-
ing a well-defined S-valued point of Quot, (.#¢). So ¢(S) is onto, and thus a
bijection, whenever S is a fat point. This implies ¢ is étale, by a simple appli-
cation of the formal criterion for étale maps. The theorem follows because we
already know ¢ is a bijective closed immersion. O

53.2 Local triviality of Hilbert-Chow

In this section we prove Theorem 5.2.4. The main tool used in the proof is
the following local analytic version of the tubular neighborhood theorem.

LEMMA 5.3.3. Let S be a scheme, j: X — Y a closed immersion over S. As-
sume X and Y are both smooth over S, of relative dimension d and n respec-
tively. Then j is locally analytically isomorphic to the standard linear embed-
dingC% xS — C" x8.

PROOE Let x € X and y = j(x) € Y. Let . C Oy be the ideal sheaf of X
in Y. The relative smoothness of X, given that of Y, is characterized by the
Jacobian criterion [11, Section 8.5], asserting that the short exact sequence

0—.9/.9%— j*Qy /s — Qx5 —0

is split locally around x € X. According to loc. cit. this is also equivalent to
the following: whenever we choose local sections ty,...,t, and g1,...,gy of
Oy,y such thatdy,...,dt, constitute a free generating system for Qy /5 , and
g1,---,§n generate .9, after a suitable relabeling we may assume g;41,-..,&x
generate .¢ about y and

dtl!"'rd[d!dgd+l!"'!dgn

generate {2y /g locallyaround y. In particular, f; = t;o0 j,fori =1,...,d, define
alocal system of parameters at x. By this choice of local basis for 2y ;g around
¥, we can find open neighborhoods x € U ¢ X and y € V C Y fittingin a
commutative diagram

Uc;)

étl jét

A¢ —— A7

where the vertical arrows are the étale maps defined by the local systems of
parameters (fi,..., fy) and (#1,...,t4,8411,---, &) rESPectively, and the lower
immersion is defined by sending ¢; — f; fori =1,...,d and g; — 0. Using the
analytic topology, the inverse function theorem allows us to translate the étale
maps into local analytic isomorphisms, and the statement follows. O

Note that Lemma 5.3.3 does not hold globally. For a closed immersion X c
Y of smooth complex projective varieties, it is not true in general that one can
find a global tubular neighborhood. The obstruction lies in Ext! (N ,y, T ).

Before the proof of Theorem 5.2.4, we introduce the following notation. If
Z c Y is a 1-dimensional subscheme corresponding to a point in the fibre
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I, ( Y, C) of Hilbert-Chow, we can attach to Z its “finite part”, the finite subset
FE, c Z which is the support of the maximal zero-dimensional subsheaf of 0,
namely the quotient .9¢ / .%;.

PROOF OF THEOREM 5.2.4. By [70, Cor. 12.9] the Hilbert-Chow map is a lo-
cal isomorphism around normal schemes, so we may identify an open neigh-
borhood of the cycle of C in the Chow scheme with an open neighborhood U
of [C] in the Hilbert scheme I,_¢(Y, 8). We then consider the Hilbert-Chow
map

h=hi_gin:lig+n(Y,B)— Chow(Y,B)

and we fix a point in the fibre [Zy] € I,,(Y, C). It is easy to reduce to the case
where the finite part K, = F C Z; is confined on C, that is, Z; has only em-
bedded points. We need to show that the Hilbert scheme is locally analytically
isomorphicto U x I,,(Y, C) about [Zj]. By Lemma 5.3.3, the universal embed-
ding 6 C Y x U, locally around the finite set of points K, C C C 4, islocally an-
alytically isomorphic to the embedding of the zero section C x U ¢ C x U x C?
of the trivial rank 2 bundle. In particular we can find, in C x U x C? and in
Y x U, analytic open neighborhoods V and V’ of F,, fitting in a commutative
diagram

open

(CxU)NV —— V —— CxU xC?

| I

ENV’ Vo«

open

Y xU

where the vertical maps are analytic isomorphisms. Now consider the open
subset
A={(Z,u)el,(Y,C)xU|F,cV,}CIL,(Y,C)xU.

Letting ¢ denote the isomorphism V = V’, given a pair (Z, u) € A we can look
at Z' = 6, Uy (F;), which is a new subscheme of Y, mapping to u under
Hilbert-Chow. The association (Z, u) — Z’ defines an isomorphism between
A and the open subset B c h™!}(U) parametrizing subschemes Z’ C Y such
that F,, is contained in V, where u is the image of [Z’] under Hilbert-Chow.
Note that [Z] € B corresponds to (Z, C) € A under this isomorphism. The
theorem is proved. O

54 The DT theory of an Abel-Jacobi curve

In this section we fix a non-hyperelliptic curve C of genus 3, embedded in
its Jacobian
Y = (JacC,0)

via an Abel-Jacobi map. We let § = [C]| € H,(Y,Z) be the corresponding
curve class. For n >0, we let

Hg CIn—Z(Y»ﬂ)

be the component of the Hilbert scheme parametrizing subschemes Z Cc Y
whose fundamental cycle is algebraically equivalent to [C].
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Let—1:Y — Y be the automorphism y — —y, and let —C denote the image
of C. As C is non-hyperelliptic, the cycle of C is not algebraically equivalent to
the cycle of —C [21]. The Hilbert scheme I,, ,(Y, ) consists of two connected
components, which are interchanged by —1. Moreover, the Abel-Jacobi em-
bedding C c Y has unobstructed deformations, and there is an isomorphism
Y 51 given by translations [45].

Example 5.4.1. As remarked in [33, Example 2.3], the morphism
'Hé — 7—[% xY
sending T, (C)Uy — (Ty(C),y), where T, denotes translation by x, is the
Albanese map. It can be easily checked that ’H}: is isomorphic to the blow-up
Bly (He x Y),

where U/ is the universal family. In particular, ’HE is smooth of dimension 6.

¢

The quotient of the Hilbert scheme by the translation action of Y gives a
Deligne-Mumford stack I,,,(Y,)/Y. In fact, since the Y-action is free, this
is an algebraic space. The reduced Donaldson-Thomas invariants

DT,Ynﬂzf vdyeQ
’ In(Y,B)/Y

were introduced in [20] for arbitrary abelian threefolds. We consider their gen-
erating function
DTg(p) = Z DTf;'ﬁpm.
meZ

We state the following result as a corollary of Theorem 5.2.3.

COROLLARY 5.4.2. Let C ¢ Y be non-hyperelliptic, embedded in class 3.
Then
DTs(p)=2p~*(1+p)".

PROOE As the Hilbert—-Chow morphism is an isomorphism around normal
schemes, we have an isomorphism

L,(Y,B)= Chow, (Y, ).

On the other hand, the Hilbert scheme is the disjoint union of two copies of
HY., where H2 2 Y because C is not hyperelliptic. Focusing on the compo-
nent parametrizing translates of C, the Hilbert-Chow morphism H7 — 7—[%
induces an isomorphism

Y x Quot, (I¢) SHE

by Theorem 5.2.3. This shows that the quotient space (. /Y is isomorphic to
the Quot scheme Quot,, (.4¢ ). Keeping into account the second component of
I,»(Y,p), still isomorphic to H?, we find

DT, _,p =2-7(Quot,(4)),
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where 7 denotes the Behrend weighted Euler characteristic. Then

DTp(p) = DTh,,p" > =2p">> 7(Quot,(sc))p" =2p > (1+p)*,

nz0 n=0
where the last equality follows from Proposition 4.5.6. O

If one considers homology classes of type (1,1,d) for all d > 0, on an arbi-
trary abelian threefold Y, one has the formula

(5.4.1) D01 g (=) a* =—K(p.q)’,

d>0meZ

where K is the Jacobi theta function

Kipaq) = (phprvey [ U202 a™)

Relation (5.4.1) was conjectured in [20] and proved in [59, 61]. Corollary 5.4.2
confirms the coefficient of g via Quot schemes, when Y is the Jacobian of a
general curve. Indeed, in this case the Abel-Jacobi class is of type (1,1,1).

The local DT theory of a general Abel-Jacobi curve C of genus 3 is deter-
mined as follows. Using again the isomorphism Y 2 H%, we can compute
the BPS number

ny,c = v(Ic) =—1,

thus the DT/PT correspondence at C (Theorem 5.1.1) yields

DTc(q) =PTc(q) =—q*(1+4q)".

In other words, the global theory is related to the local one by

DTp(q) =—2-DTc(q).
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6 A VIRTUAL MOTIVE FOR THE
QUOT SCHEME

6.1 Introduction

In this chapter we prove that the Quot scheme

Q; =Quot, (.71)

is a scheme-theoretic critical locus, in the sense of Definition 1.2.1. Here L is
a line in the local Calabi-Yau threefold A3. This result is the first of a series
of similarities between Q;' and Hilb" (A3), that we will keep exploring in the
next chapter. From the critical locus structure we obtain a canonical virtual
motive

o
[QZ ]er € MC
via motivic vanishing cycles, as explained in Section 2.1.3. We end the chapter
by proving that the above motive lives in the subring M¢ C Mé.

6.2 The Quot scheme as a critical locus

Let A3 = Spec C|[x, y, z] be affine space. Let V be a fixed n-dimensional
complex vector space. To turn V into a C[x, y, z]-module one needs to spec-
ity three pairwise commuting endomorphisms of V' (up to simultaneous con-
jugation).

Letnow .9; = (x,y) c C[x, y, z] be the ideal of the line

L: x=y=0 in A3,

and set GL, = GL(V). Let (A, B,C) € End(V)3 define a C[x, y, z]-module
structure on V, and let us fix a C-linear map ¢ : .¢;, — V. Then ¢ determines
two vectors a = ¢ (x) and b = ¢ () and we observe that

e ¢ isC[x,y,z|-linearifand onlyif A- b = B-a, and

¢ is surjective if and only if the vectors a and b span V asa Clx, y, z]-
module.

As multiplication by A, B and C is precisely the C[x, y, z]-linear action of x,
y and z on V, and since the polynomial ring is spanned by monomials, the
second condition can be rephrased as

V =Spanc{A"BPC7-a,A"BPC7 b |a,p,y>0}.
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Using the notation of Definition 2.3.2, we could say that ¢ is surjective if and
onlyif (A,B,C,¢(x),¢(y)) lies in the open set
U,CR,=End(V)*x V2
Notation 6.2.1. We denote by £,, the closed subscheme
L,={(AB,C,a,b)|A-b=B-a}cR,

cut out by the above “linearity condition”. We form the locally closed sub-
scheme
T,=L,nU,CR,,

and we let
(,:T,cR,— A!

denote the restriction of the trace function (A, B,C,a,b) — TrA[B, C], first
introduced in (2.3.2). ¢

Recall (from Lemma 2.3.4) that the GL,-action on R, given by
g-(AB,C,a,b)=(A8%,B5,C8,ga,gh)

is free on U,,, and the geometric quotient

Uu,= Un/GLn = Rn //detGLn

is a smooth quasi-projective variety (which we interpreted as the moduli space
of 2-framed n-dimensional representations of the three loop quiver in Sec-
tion 2.3). Since T,, ¢ U, is a closed invariant subscheme, the quotient map
U, — U , restricts to a geometric quotient

n:T,—T,=T,/GL, =L, /detGLy.

LEMMA 6.2.1. The schemes T, and T ,, are smooth of dimension3n?+ n and
2n? + n respectively.

PROOE. Let us fix coordinates (A; j, B;;, C;j, a, b;) on R,,. Then L, C R, is
cut out by n quadratic polynomials
n
Pi:ZAijbj_Bijaj’ 1<i<n.
=1
Let x = (A,B,C,a,b) € L, be a point. The jacobian matrix at x is an n x
(3n?+2n)-matrix of the form J, = (N | — B| A), where the i-th row of

0O —-a 0 - 0

b 0
0 b - 0 0 —a - 0

N =



is filled in by the derivatives of p; with respect to Ay ; and By ;. (The n? x n?
block of zeros corresponding to derivatives with respect to Cy ; has been omit-
ted, and we view a and b as row vectors.) If x € U,,, the vectors a and b cannot
both be zero. Then the Jacobian matrix J, evaluated at a point x € T,, must
have a nonzero entry in every row; this shows that T, avoids the singular lo-
cus of £,,, in particular it is smooth of dimension dim R, —n = 3n? + n. Since
GL,, acts with trivial stabilizers, T,/ GL,, is smooth as well, and of dimension
2n?+n. O

We observe that Q' is set-theoretically a critical locus before proving the
scheme-theoretic statement. As a set, Q/' is described as follows:

Q] = {C[x, ¥, z]-linear epimorphisms .#; — V}/GLn
={(AB,C,a,b)eT, |A,B, C pairwise commute } [GL, .

The function ¢,, is GL,,-invariant, so it descends to the quotient.

Definition 6.2.2. We let f,, : T,, — A" be the regular function extending ¢,,.
%

The condition d f;, = 0 says precisely that the three matrices pairwise com-
mute, so closed points of Q;' correspond to closed points of Z(d f;,) C T,. We
will show that Q]' = Z(d f,,) as ascheme in Theorem 6.2.5 below. Before doing
so, we give an alternative description of the spaces T, and T,,.

6.2.1 Non-commutative Hilbert and Quot schemes

In (2.3.1) we introduced the non-commutative Hilbert scheme via geometric
invariant theory. We briefly recall why it deserves this name, and then we give
an analogue on the Quot scheme side. In this whole section,

R=C(x,y,2)

is the free (non-commutative) C-algebra on three generators, and for a com-
plex scheme B, we denote by Ry the sheaf of 03-algebras associated to the
presheaf

R®c Og =0g{x,y,2).

Non-commutative Hilbert scheme

One can construct a functor Hj : Sch%p — Sets by sending a complex scheme
B to the set of equivalence classes of triples (M, v, ), where M is a left Rg-
module which is locally free of rank n as an 0g-module, v € T'(B, M) gener-
ates M as an Rz-module and § c I'(B, M) is a basis of M as an 0z-module.
The equivalence relation is defined in the obvious way: one has (M, v,) ~
(M’,v’, B’) when there is an Op-linear isomorphism & : M = M’ taking f to
B’ and v to v’. The functor just described is represented by the quasi-affine
smooth complex scheme that we denoted U} (Definition 2.3.2, p. 20). Note
that the pair (M, v) determines and is determined by an Rg-linear surjection
0 :Rg—»M,withv=20(1).
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One can also consider the functor ﬁ; sending a scheme B to the set of equiv-
alence classes of pairs (M, v), where M and v are just as above, but no choice
of basis is made. Again, we declare that (M,v) ~ (M’,v’) when there is an
Og-linear isomorphism & : M = M’ taking v to v’.

THEOREM 6.2.3. The scheme U} represents the functor ;. There is a scheme
Hilb} representjngﬂ;, and the forgetful morphism U} — Hilb}, is a univer-
sal categorical quotient and a principal GL,, -bundle. In particular, one has an
isomorphism of schemes

U!/GL, = Hilb}.

We refer to [46, Theorem 2.7] for a proof of this result in a more general set-
ting (more precisely, for finitely generated associative algebras .A over a com-
mutative ring k). See also [58] for a proof in the case where R gets replaced by
Z.{xy,...,X;) and [80, 29] for a version of the result where the functors are rep-
resented by algebras (and not schemes). Note that Hilb}, can be seen as the
moduli space of left ideals J C R of codimension n (that is, such that R/ J has
dimension 7 as a C-vector space). Indeed, the equivalence relation ~ identi-
fies two quotients Rz —» M and R —» M’ precisely when they have the same
kernel. Therefore, the scheme

Hilbj 2 U!/GL,

deserves to be called non-commutative Hilbert scheme.

Non-commutative Quot scheme

We now let the ideal K = (x, y) C R take the role played by the C-algebra
R in the previous paragraph. This gives rise to a notion of “non-commutative
Quot scheme”, as we now explain. For a complex scheme B, let Kg denote the
submodule

KB:K®CﬁB CRB.

Consider the functor Q% : Schg‘D — Sets defined by

M is aleft Rg-module, locally free of rank n over O,
B—< (M,0,p) 0 : Kg - M is an Rg-linear epimorphism
and § cT'(B, M) is a basis of M as an 0g-module

Here (M, 0, B) denotes the equivalence class of the triple (M, 8, ), where we
declare (M,0,8)~ (M’,0’, ") when one has a commutative diagram

KB —9>-> M
6.2.1) ” Jq,

Kz —2 M’
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with ® an 0g-linear isomorphism transforming § into . One can also define
the functor @Z : Sch?:p — Sets just as above but forgetting the choice of a basis,
namely by letting

M is a left Rz-module, locally free of rank n over 0p,
B—< (M,0) .

and 0 : Kg - M is an Rg-linear epimorphism

Here we declare that (M, 0) ~ (M’,8”) when there is a commutative diagram
as in (6.2.1). Notice that, by considering the kernel of the surjection, a pair
(M, 0) uniquely determines a left ideal Z c Kp (such that the quotient Kz /Z
is a locally free 0g-module).

The nextresultis the “Quot” analogue of Theorem 6.2.3. The prooffollows [46,
Section 2] closely.

THEOREM 6.2.4. The scheme T,, represents the functor Q', and the quotient
T, represents Qy.

PROOE Let V = C" with its standard basis ey, ..., e,,. Consider the free mod-
ule My = V ®c O, withbasis fy = {e;®1:1< j<n}. Let(X;;, Y;;, Z;;, ug, wy)
be the coordinates on the affine space R,. Then M, has distinguished ele-
ments v, = > e;®urand v, = > e;® w;. Let 0 : K, — M, be the map given
by 6y(x) = v, and 6,(y) = v,. Restricting the triple (M, 6y, By) to T, C R,
gives a morphism of functors

Ty — Q.

whose inverse is constructed as follows. Let B be a scheme, set again V = C”"
and fix a B-valued point (M, 0,8) € Q% (B). The R-action on § C I'(B,M)
determines three endomorphisms (X, Y,Z) : B — End(V)? and the images
of x and y under the map 6 : Kz - M correspond to amorphism (u, w): B —
V2. The Rp-linearity of 6 says that (X,Y,Z,u,w) : B— R, factors through
the subscheme £, c R, cutoutby X - w = Y - u, and the surjectivity of § says
that it actually factors through £, N U, = T,,. Therefore T,, represents Q% .

Next, let 7 : T, — T, be the quotient map, which we know is a principal GL,, -
bundle. This implies that 7*: QCoh(T ) = QCohg;, (T;,) is an equivalence of
categories, preserving locally free sheaves [46, Prop. 4.5]. Consider the uni-
versal triple (M, 8, By) defined above. Then M, is a GL,-equivariant vector
bundle on T,,; it follows that, up to isomorphism, there is a unique locally free
sheaf .4 on T, such that m*.# = M,. In fact, .# = (1. My) Sl € .My, the
subsheaf of GL,-invariant sections. The two sections v, and vy, being GL,,-
invariant, descend to sections of ./, still denoted vy, v,. These generate ./
as an Ry -module, so we get a surjection ¢ : Kz — ./ sending x — v, and
Yy vy In particular, the pair (_#, 1) defines a morphlsm of functors

7, -0
We now construct its inverse. Let B be a scheme and fix a B-valued point
(N,0) e QIn((B). Let (B; : i € I') be an open cover of B such that N; = N|p,
is free of rank n over 0 . Choose a basis #; CT'(B;, N;) and let v, ; = 6 (x)|,
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be the restriction of 8 (x) €[(B,N) to N;. Define v, ; similarly for all i € I. As
usual, the pair (v, ;, vy ;) defines a linear surjection ; : Kz, —+ N;. Each triple
(N;, 0;, B;) then defines a point y'; : B; — T, and for all indices i and j there
is a matrix g € GLn(@’Bij) sending f3; to ;. In other words, g defines a map
g : B;j — GL, such that g-y; =1 ;. Then mo1; and o ; agree on B;;, and
this determines a unique map p : B— T, such that (N, 0) ~ p*(.#, ). This
shows that T, represents @Z O

The upshot is that the B-valued points of T, can now be identified with left
ideals Z C Ry contained in K3 (such that Kz /7 is a locally free 0g-module of
rank n).

Notation 6.2.2. By analogy with “Hilb”, where we sometimes write Hilb for
the quotient U} / GL,, (justified by Theorem 6.2.3), on the “Quot” side we may
write

n
Quoty

for the scheme that we previously denoted T, = T,,/ GL,, = L, //qet GL. By
Theorem 6.2.4, Quoty could be called a non-commutative Quot scheme. ¢

Recall the trace potential f,, of Definition 6.2.2, defined on T,,.
THEOREM 6.2.5. There is a closed immersion
Quot, (91) — T, = Quot}
cut out scheme-theoretically by the exact one-formd f,,.

PROOE Let B be a scheme. Observe that there is an inclusion of sets
Quot, (4, )(B) C Quoty (B).

A B-valued point [Z] of the non-commutative Quot scheme defines a B-valued
point of the commutative Quot scheme if and only if the R-action on the cor-
responding ideal Z descends to a C[x, y, z]-action. This happens precisely
when the actions of x, y and z on Z commute with each other. Let then
W c Quoty be the image of the zero locus

{(x,v,.Zv,w)|[X,Y]=[X,Z]=[Y,Z]=0}CT,

under the quotient map. Then [Z] belongs to Quot,, (.#; ) (B) if and only if the
corresponding morphism B — Quot} factors through W. But W agrees, as a
scheme, with the critical locus of f,, by [71, Prop. 3.8]. O

COROLLARY 6.2.6. The function f,, induces a canonical relative virtual mo-
tive
n — _q —(2n*+n)/2 [
[QL ]relvir =-L [(pfn]Qlt' € MQS

on the Quot scheme Q' = Quot, (.9, ).

PROOE By Lemma 6.2.1, T, is smooth of dimension 2712 + n. Then the gen-
eral construction recalled in Section 2.1.3 applies. O



6.2 The Quot scheme as a critical locus |

We will denote by
n o
[QL ]Vil‘ € MC
the associated absolute virtual motive. We will soon study these classes more

closely.

Example 6.2.7. The non-commutative Hilbert scheme Hilb} = Un1 / GL,, in-
troduced in (2.3.1) has dimension 2n? + n = dim T ,,. The trace functions cut-
ting out the Quot scheme and the Hilbert scheme are exactly the same, hence
Quot, (.#;) and Hilb" (A3) have the same expected dimension. The Hilbert
scheme is nonsingular if # < 3 and singular otherwise, whereas Q' is already
singular if n > 2, see Example 4.3.12. Let us fix n = 1. In this case the trace
functions vanish so the virtual motives are a shift of the naive motives by IL.=3/2,
On the Hilbert scheme side we have

[Hilb'(A®)], =L2.L3=1%?,
while on the Quot side we have
[Qz] =17 [BI, A7]

=L7%2.([A%\ L]+ [L xP'])
:]L3/2+IL1/2. <>

We end this chapter by showing that [Q}']y;; is @ “monodromy-free” class,
thanks to the good equivariance properties of the trace function.

6.2.2 Equivariance of the family

Consider, for m > 0, the subset S,, C O (R ) of functions h satisfying h (g -
P)=(detg)™h(P) for g €GL, and P € R,,. Then we have

U,, = Proj @ Sp-

m=0

By general GIT, the natural inclusion 0 (R,)% C @,,50 S induces a pro-
jective morphism

(6.2.2) pr:U,—Y,

where the affine scheme ¥, = Spec 0, (R,)%" =R, /o GL, can be viewed
as the GIT quotient at the trivial character. The following result is an applica-
tion of Theorem 2.1.16.

THEOREM 6.2.8. One has the relation
[p7,]1=1£,"(D]=[£,"(0)] € Mc € ME.

In particular, [Q I ]Vir lies in M¢. Moreover, ifa: Q' — Q [ is the affinization
map, we have
N o
a![gbfn]Qf EMQ? C./\/lézl
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PROOE The three-dimensional torus T =G>, acts on T,, by
t-(A,B,C,a,b) = (1A t,B,13C, t1t3a, t, 13b).

Since this action commutes with the GL,-action, it descends to the quotient
T ,. Moreover, the trace function ¢, : T,, — A! is T-equivariant with respect to
the primitive character y (t) = t;f,3. In other words, for all P € T,,, we have
(,(t-P)= y(t)¢,(P), and similarly for f,. The induced action on T, by the
diagonal torus G,, c T is circle compact, that is, it has compact fixed locus
and the limits lim,_, ¢ - P existin T,, for all P € T,,. To see this, notice that
the restriction of (6.2.2) to the closed subscheme T, results in a projective
G,,-equivariant map p, : T, — Y, and the proof of [7, Lemma 3.4] shows
that Yy has a unique G,,-fixed point, and all orbits have this point in their
closure. In other words, limits exist in ¥,. Therefore, by properness of p,,, we
conclude that the G,,,-fixed locus in T ,, is compact and limits exist. Then the
first statement follows by part (i) of Theorem 2.1.16. In particular, the absolute
virtual motive carries no monodromy,

Q7] =L 2y, Je Me.

Finally, the hypersurface f;1(0) = {TrA[B,C] =0} c T, is reduced, as the
polynomial

ZAik Z(Bklcli —Cy1Byi)

ik I

has no linear factor. The last statement then follows from part (ii) of Theorem
2.1.16. =



7 ON THE MOTIVIC PARTITION
FUNCTION OF THE QUOT
SCHEME

7.1 Introduction

In this chapter we compute the motivic partition function of the Quot scheme

(7.1.1) Z(t):Z[Qf]Virt”eMC[[t]]
n>0

with two methods. The first one (in Section 7.2) is a direct motivic vanish-
ing cycle calculation, whereas the second one (in Section 7.3) is by a strat-
ification technique which allows us to restrict attention to the (virtual) mo-
tives of the deepest strata inside Q;'. The latter strategy can be viewed as
the motivic analogue of the one we used in Section 4.4 to prove the formula
7(Q¢) = (=1)"x(Q¢)-

Unfortunately, we have not succeeded in writing Z(¢) as an intrinsic func-
tion depending only on the Lefschetz motive IL. However, we can still use our
stratification to define a virtual motive

[Qg ]Vir € MC

for the Quot scheme Qg of an arbitrary smooth curve C in a smooth quasi-
projective threefold Y. Via the power structure on the ring of motivic weights,
the corresponding motivic partition function is determined, justlike Z, by the
virtual motives of the deepest strata in Q;'.

A special case is the following. When Y is a projective Calabi-Yau threefold
and C C Y is a smooth curve with BPS number n, ¢ = 1 (for instance, rigid),
the above class is a refinement of the numerical DT invariant

DTn,C S Z,

hence can be seen as a motivic DT invariant for Y at C.

/.2 Vanishing cycle calculation
We start by stating the main result of this section. Consider the scheme
E,={(A,B,a,b)€C,xV*|A-b=B-a}cC,xV?
where C,, ¢ End(V)? is the commuting variety, and define the generating se-

ries
[E.]
GL,

E()=),

" € Ko(Ste) [ £].

81



82

| On the motivic partition function of the Quot scheme
The generating function C(¢) for the motives of the stacks C,/ GL,, is deter-
mined by the Feit-Fine formula (Theorem 2.1.4, p. 9). We have the following.

THEOREM 7.2.1. The motivic partition function of the Quot scheme (7.1.1)
is given by the formula
E(rIL~1/2
Z(t)= g
C(tL-1/2)

The proof uses the techniques anticipated in Section 2.3.

Key characters

We summarize in the diagram

n .

We already dealt with these objects in Section 2.3. This time we also need to
consider

Y,=Y,nL,  Z,=Z,NL,,

the special and generic fibres of the restricted potential £, — Al. For0< k <
n, let

XF={xeRr, } Span(x) is k-dimensional } ¢ R,,.
We introduced the span of a point x in Definition 2.3.1. Consider
k k k k
Y'=Y,nX,, Z, =Z,NX,

and the motivic differences

We can now start the calculation. Applying Theorem 2.1.16 to the G,,,-action
on T, described during the proof of Theorem 6.2.8, we find that —w” = [¢ ],
so in particular we can write

n n
2.1 n :—]L_(Z”Z"‘”)/z_[(’bz”] _ . —(2n*+n)/2 Wp _ Wy .
(7 ) [QL ]v1r GLn GLn Lgnz/z[n]]L!

LEMMA 7.2.2. For0 < k < n, one has the formula

(7.2.2) ok =[Gr(k, V)L 2R ¢, Jwk.
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PROOE First, let us compute the motive of Ynk. We need the motive of the
fibre of the map h : Yn’C — Gr(k, V) sending a point to its span. We use exactly
the same strategy and notation as in Section 2.3. Fix A € Gr(k, V') and choose
a basis of V such that the first k vectors of the basis belong to A. Then, any
(A, B,C,v,w) € h(A) will be in the form

AO A, BO B/ CO C/ Uy [2%0)
A == ) B - ) C = ) = ) = )
( 0 Al) ( 0 B o ¢ " lo) ¥ o
where Ay, By, Cy are k x k matrices, A;, By, C; are (n—k) x (n— k) matrices,
A’, B/, C’ are k x (n— k) matrices, and vy, w, are k-vectors. We then find an

isomorphism
hH(A) 2 AR (STIT),

where, setting Tr; = Tr A; [B;, C;|, we let

S= { (Ao, Bo, Co, Vo, wO,Al,Bl, Cl) |TI'0 :Trl = O,Ao' Wy = Bo' Uo},
T = { (Ag, By, Cy, v, wo, Ay, By, Cy) | Trg = —Tr; 0, Ag- wy = By v }.

We also have isomorphisms

S x A2(n=k) =, Yk]C x Y,
T x A2F) =% x Z,f X Zp_k-

The first one is defined by
(Ao, By, Cy, v, Wy, A1, By, Cy; €1, €2) — (Ag, By, Co, Vg, Wo; A1, By, Gy, €1, €2),

where e; are (n— k)-vectors. The second one is given by

(Ao, By, Co, vy, wy, Ay, By, Cy; e, 92)
— (Trg; Try " Ag, By, Co, Vo, wo; Tty Ay, By, Cy, €1, €3).

Therefore, we have

[v,]=[Gr(k, V) ILF0([s]+ [ 7])
= [Gr(k, V) LKL O ([ ]+ (L= D)2 [ Zui])
V)LD ]+ (L= D[ ZE ][ Za-e]).

I
Q0
i=3

To compute the motive of Z,’lc consider the map [ : Z,’; — Gr(k, V), defined
again by sending a point to its span. The fibre is

I7H(A) = ASFK) (S 118, 11Ss),

where §;, S, and S; correspond, respectively, to the loci Trg = 0, Tr; = 0 and
Trg=1—Tr; € C*\ {1} inside
Tr0+Tr1 =1, Ao' wy = Bo' Vo, }

A )B )C)v lw’A ’B’C
{( 0> 0> -0, Y0 0,411, 21 1) Span(A(),BO; CO) Vo, LU()) :Ck
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This time we find isomorphisms

S x AR = ykn 7
S» XAZ("_k):>kal7n k
Sy x A2(nK) =, S (C" \{1})><Zk><Zn k

allowing us to write

[Zy]=[Gr(k, VILFD (5] +[5,] +[8:])
= [Gr(k, V) ILCD OV Z ]+ [ZE ] T ]+ (L=2)[ ZE ][ Ze]):

We can now compute

oy =[%71-12,]

=[Gr(k, V) ILC 2O [y ][ 7, ]+(1L D[Z N 2]

~[E N 2] = 126 Vi) = (L= 2) [ ZE ][ Z0 i)

=[Gr(k, V)LD [y )@, — [ Z16n-i)
=[Gr(k, V) LB R k5,
=[Gr(k, V) LED =R k[ ¢ i (n—k) (n—k+2) by (2.3.7)
:[Gr(k,V)]]L("_k)(”J’zk)[Cn,k]wz.

The formula is proved. O

PROOF OF THEOREM 7.2.1. Recall that w,, = [Y,]—[Z,] = >, . Then by
(7.2.2), and substituting the motive of the Grassmannian (2.1.1), we can write

n—1
W= w, —Z[Gr(k, V)]]L(”_k)("“k)[cn_k]wi
k=0

n—1 [C _ ] C()k

7l e [n—k]p! [k]p!

n—1 (,z)k
:wn_[n]lL' gn_kl(n—k)(3n+3k—l)/2 k ,
] (k]!

where & = [C;]/[GL;]. Thus, dividing out by IL3"*/2[n]y ! and using (7.2.1), we
find

n—1
—k)/2[ Ak
[Qg]vir H_,3n2/2 Z =k [QL ]vir'
k=0
Rearranging terms,
@ ; (n—k)
n _ ~ —(n—k)/2[ Ak
Tanz 2 T Cn—i L [QL] ir*
L3n2/2[n]L[ P vir

Multiplying by " and summing over n > 0 yields

Zl3n2/2[n (Zgn(tﬂ_ﬁl/Z)n).Z(l‘),

n>0
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which we may rewrite as

where w
— . Tn  4n
(1) = Z]LMZ/Z[n]IL! £

n>0
We now need to compute w,. As in the proof of Theorem 6.2.8, the trace
map L, — Alis an -equivariant with respect to the primitive character y (¢) =
hL 3 via
t-(AB,C,a,b) = (1A t,B,13C, t1t3a, t,13b),

thus accordingto (2.1.6) one has anisomorphism 7, xG,,, = £, \ Y,,, inducing
the motivic relation
[ﬁn] = (1_1)[Zn]+[yn]-
On the other hand, [£,,] = IL"*[B,], where
B,={(A,B,a,b)|A-b=B-a}CEnd(V)*x V>,
Define the subscheme
E,={(AB,a,b)|[A,B]=0,A-b=B-a}CB,.

We can split ¥, as Y11 Y, where Y is defined by the condition [A, B] = 0 and
Y is its complement. Then the map Y, — B,, forgetting C splits as a Zariski
fibration Y, — E, with fibre A" anda hyperplane bundle Y,” — B, \ E,, with
fibre A"*~L. So we can write

[V ]=L" [Ea]+ L7 ([B.]-[E4]).
Using that IL”*[B,] = (IL—1)[Z,] + [Y,], we find
(1-L)w, =1L"[B,

We conclude that
(7.2.4) w, =L"[E,]

Define the series

By formula (7.2.4) we have

_ ®n  y-n?/2 [E”] :L—n/z[En]
]LSnZ/z[n]]L! [n]IL! GLn.

Hence the remaining factor we needed is the series

Q(t) :ZL‘”/Z% t" = E(tIL7V?).

n>0

By (7.2.3), the proof of the theorem is complete. O
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Ideally, we would like to express E(¢) as an “intrinsic” infinite product, in-
volving only (rational functions of) the Lefschetz motive. Before attempting
the computation of E(¢), we take a closer look at the virtual motive of Q}'.

7.3 Reduction to the closed strata

In this section we compute the absolute virtual motive

[Qzl ]Vir € MC

in a different way. We need to introduce or recall some terminology.

Main characters

We fix L = V(x,y) c A3 to be the z-axis in A3. The “Quot to Chow” mor-
phism takes a sheaf to its support,

s:Q;' — Sym" A®, [Z]— Supp Z.

For motivic calculations it might often be enough to know this map is con-
structible. However, [70, Cor. 7.15] shows s is an actual morphism of schemes.
Incidentally, by letting

W =s"(Sym" L),
we geta canonical scheme structure on the closed subset |W,"| € QJ' parametriz-
ing subschemes Z c A3 withoutisolated points, cf. Definition 4.3.1. The same
holds for each locally closed stratum

a n
W c W/,

which we can now realize as the fibre of s over SymZ L. We saw in (4.3.1) that
W parametrizes subschemes Z C A3 whose embedded points have sup-
port distributed according to the partition . So, if @ = (1%1---j%-.-r%), a
point [Z] € W represents a subscheme consisting of L carrying a; embed-
ded points of multiplicity i, foralli =1,...,r.

Note that the Hilbert scheme of points Hilb” (A3\ L) sits inside Q}', via the
open immersion J — J N.#;. We use a special notation for the deep strata in
Q/', as these are the most important ones: we let

Wn)=w",  H(n)= Hilb!, (A*\L).

They correspond to a thick embedded point on L and to a thick isolated point
away from L respectively. Recall from Definition 4.3.3 that

F,cW(n)

parametrizes subschemes with a unique embedded point supported at the ori-
gin 0 € L c A3. Finally, to make some formulas more readable, we sometimes
use the shorthand

X; =A3\LcA®

for the open complement of the line.
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Virtual motives

We should comment on our use of the word “virtual”, and of the subscripts
“relvir” and “vir”. Strictly speaking, the only canonical virtual motives we have
are the relative class

[erj ]relvir = Mgf

and its pushforward to a point, denoted [Q}']yir € M. We will, however, call
a (relative) virtual motive every class obtained by pulling back [Q}'] elvir along
some locally closed subscheme of Q;'. The resulting class, relative or absolute,
will inherit the relevant subscript.

Let us fix integers 0 < j < n. If a (resp. B) is a partition of n— j (resp. j), let
Top =Sym? 7 (X1) x Sym{3 (L) c Sym" A3.

We are fixing “n — j points” away from L and “j points” on L, whose multi-
plicities are prescribed by the given partitions. We define locally closed sub-
schemes S, C Qf via the fibre squares

Sap —2— Qf
(7.3.1) l - ls

Taﬁ — Sym” A3

and we note that the decomposition

Q]’Jl :]_l]_[saﬁ

j=0a,B

is nothing but a slight refinement of the stratification (4.4.1). Pushing forward
(to Spec C) the relative motives

[Saﬁ ]relvir = Lzﬁ [Qzl ]relvir € Mgaﬁ

yields a decomposition

n

(7.3.2) [ = [Sapl,yr € Mc.

j=0a,B

There are other important classes we need to define. Let Hilb” (A3), be the
punctual Hilbert scheme. Remembering the identifications

W(n)=LxE,  H(n)=X;xHilb"(A%),,

we have closed immersions F, ¢ W(n) and Hilb” (A3), c H(n) by choosing
base points 0 € L and p € X;. Thus we can define, again by restriction, the
relative virtual motives

e MP

(7.3.3) (B €ME,,  [HiID"(A%)o] Hilb" (A3),-

relvir
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Definition 7.3.1. We let [F, |,;; and [Hilb" (A®),],; be the absolute motives in
Mfé obtained by pushing forward to a point the relative classes (7.3.3). &

We denote by [Hilb" (A%),]BBS the motive defined in [7, Section 3].! It is
obtained by restricting the relative virtual motive [Hilb” (A3)] ey from the
full Hilbert scheme to the punctual Hilbert scheme

Hilb" (A®), < Hilb{,,| (A®) c Hilb" (A?),

and pushing forward to a point. Our plan is the following.

» We compute the virtual motives of the deep strata W(n) and H(n), and
we show that all formulas involving absolute motives take place in the
subring M¢ of monodromy-free classes.

o We show that the motive [Hilb” (A%)g].i, of Definition 7.3.1, coming from
the Quot scheme, agrees with [Hilb” (A%)] B, coming from the Hilbert
scheme. This is the content of Proposition 7.3.4 below.

o The absolute motives [F,y;; and [Hilb” (A3)]y;; will turn out to be the
most important classes, thanks to the power structure on M. They
determine the virtual motive of Q' (see Theorem 7.3.9 below).

» We generalize the construction of [Q/']; to the case of an arbitrary smooth
curve C in a smooth quasi-projective threefold. The induced virtual mo-
tive of Q* is determined by the local one via the power structure.

7.3.1  The motives of the deep strata

Leta: Q — Gf = Spec 0(Q}') be the affinization of the Quot scheme.
The map s : Q' — Sym” A3 induces a canonical (bijective) morphism Gf —
Sym” A3 extending s. For the Hilbert scheme Hilb” (A3), this would be an
isomorphism. Although the same is probably true for Q;' as well, all we need
for the next result is the existence of a factorization

o a o
Moy —— Mg

(7.3.4) \ 1

f
which we certainly have by the universal property of the affinization.

LEMMA 7.3.2. The absolute motives [S,gyi live in the subring Mc¢ C Mg.
The same is true for [W(n)ly;, and [H(n)]yi.

PROOE. We know by Theorem 6.2.8 that

algy, ], € Mg,

1 The superscript was not present in Section 2.2.3, cf. (2.2.5), when we first mentioned this class.
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so by (7.3.4) we have
St [Qf ]relvir € Msymn A3-
Then, exploiting the commutative diagram

*

~ L ~
o ap o
M Sep T M Qr

s!l 15!

o f o
MC MTap MSymn A3
induced by (7.3.1), one finds

St [Saﬂ ]relvir € MTaﬁ '
Pushing forward to a point yields the result for [Sg].i;. The same strategy
applies for W(n) and H(n). O

We now determine the virtual motives of W(7n) and H(n) explicitly. We ex-
ploit a particular group action under which the construction of [Q}'] elyir is
invariant. Consider the group G = SL, xG,, acting on R,, as follows. Writing
g=(M,A)eG with

a b
M= (C d)eSLz, AeG,,

we define the action
g (XY, Z,v,w)=(aX+bY,cX+dY,Z+A-1dav+bw,cv+dw).

It is easy to see that both U,, and T,, are invariant under this action, and more-
over this action commutes with the action of GL,, on these spaces. The trace
potential W,, : U, — A is also invariant under the G-action, as one can verify
by direct calculation: letting P = (X,Y,Z,v,w) € U, and g = (M,A) € G as
described above, one has
W, (g-P)=Tr((aX+bY)[cX+dY,Z+A-1d])

=Tr((aX+bY)(c[X,Z]+4d[Y,Z]))

=ad-TrX[Y,Z]+bc-Y[X,Z]

=(ad—bc) TrX|Y,Z|

=W, (P),
where in the last equality we used that M has determinant 1. The G-action
just described induces an action

p:GxQf —Qf

on the Quot scheme. This can also be seen as the natural lift to Q;' of the action
of G on A3, given by the change of coordinates

X ax-+by
(7.3.5) y|—|cx+dy
z Atz

Note that if we pick a sheaf [Z] € Q}', formula (7.3.5) says precisely what hap-
pens to Supp & after we apply the action.
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LEMMA 7.3.3. The virtual motives [F,].; and [Hilb" (A3),]y;, live in the sub-
ring Mc C Mfé, where one has the relations

[W<n)]vir = II".[Fn]vir

730 [H(m) = 5] [t (A

vir®

PROOE. The action u : G x Q' — Q[ preserves the subschemes W," and
Hilb" X;, as well as their deepest strata W(n) and H(n). We have a commu-
tative diagram

E, «2— G, xF, —— W(n)
]
Qf — GxQf — Qf
where ¢, p, are second projections and the isomorphism G, x F, >W(n) is

the one of Proposition 4.3.5. The construction of [Q} | ey is invariant under
the G-action, so we have p;[Q[' ] elvir = U*[Q] |retvir- We deduce that

q;[Fn]relvir = i*pZ*[Qzl]relvir = i*‘u*[Qzl]relvir = [W(n)]relvir'
Taking absolute motives, we get
[Ga] : [Fn]vir = [W(n>]vir’
proving the first identity in (7.3.6), with [F,]y;, living in M. To get the second

identity, we repeat the process with the diagram

| | |
P 2
Qf ————  GxQ/ Qf
where 7,, p, are second projections and the map j is defined as follows. Recall
that Hilb" (A3), is embedded in Q;' as the locus of fat points & supported at

a given p € X;. Then j takes (x,&) — (g, &), where g, € G is the unique
element that brings p to x, according to (7.3.5). We find

TC;[Hﬂbn <A3)0]relvir = ]*pZ*[Q]tl ]relvir = ]*‘LL*[QZ ]relvir = [H (n)]relvir'
Taking absolute motives we get
[x,]-[Hilb" (A%)o] . =[H(n)] ..
as claimed, and with [Hilb" (A3)],;; living in M. O

7.3.2 A remark on [Hilb" (A3%)o]vir

The goal of this section is to show that the virtual motive of the punctual
Hilbert scheme (see Definition 7.3.1) agrees with [Hilb” (A3),]555, the virtual
motive constructed by Behrend-Bryan-Szendréi. Consider the critical loci

Z(dw,) =Hilb"(A®) cHilb},  Z(df,)=Q} cQuot}.
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If we pick a quotient Op3 - 07 (resp. .¥; - F) and we demand that the sup-
port of 0, (resp. &) be contained in X; = A3\ L, we end up with open im-
mersions

y :Hilb” X; - Hilb"(A®), 1, :Hilb" X; — Q]

In other words, Hilb” X; is naturally an open subscheme of both the Hilbert
scheme of A3 and the Quot scheme of .#;. Note that ¢, can be described in
ideal-theoretic terms as

J—JIng;.

We next show that Hilb” X is a critical locus “in the same way” on either side.

PROPOSITION 7.3.4. Let t; : Hilb" X; — Hilb”(A3) and, : Hilb" X; — Q}'
be the natural open immersions. Then one has

. 3 o i}
L)lk [Hllbn (A )]relvir - L; [QLn ]relvir = MHilb” X.°
PROOE It is enough to verify the following

CrAIM. Thereisanopensubseti: U C Hilby such thatHilb" X; =
Z(d(wyoi))and onehasan openimmersion® : U — Quot} com-
patible with the potentials.

Granting the claim, if V were the image of ®, we would be in the situation

[

Hilb" X, « U V < > Hilb” X,

Hilb" (A%) —— Hilb" — Al 2 Quotl «+— Q7

where the outer squares are cartesian, ® is an isomorphism onto V and i, j
are open immersions. In particular, we would have

1y [¢Wn]Hilb"(A3) = [¢Wn°i]Hilb" X, [¢fn°j]Hilb" X, L [¢fn ]Qz”

where we use ® as a “bridge” in the second equality. We know by Example 6.2.7
that Hilb; and Quot} have the same dimension d = 2n?+ n, so the assertion
on the full relative virtual motives follows from the last displayed equation, for

. —d —d
[Hllbn (AS)]relvir =-L /2[¢Wn ]Hilb” (A3)’ [thl ]relvir =-L /2[¢fn ]Qi’ .
Let us now prove the claim. Let 2 = Ry = O, (x,y,z), and consider the
universal left ideal
JCR.

We also have the submodule K = K ®c Ghiip = i, (x,y) c 2. The com-
mutative polynomial ring A = C[x, y, z] comes with the quotient map R - A
given by modding out the two-sided ideal [R, R| C R. This induces a surjection

R — .o = AB®c Oty
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and we let 7 and K be the images of the corresponding submodules of 22. We
then consider the ringed space (Hilb%, ./ ) and the natural .</ -linear inclusion

n:K+J—.d.

By .o/ -linearity of n}, and the fact that .¢/ is of finite type as a module over itself,
the locus where 7 is onto is open by an application of [73, Tag 01B4, Lemma
17.9.4]. We let U c Hilb} be this open subset. Note that U captures pre-
cisely the geometric condition we are after, namely that the zero-dimensional
subscheme defined by J c A is disjoint from the line x = y = 0. Thus U N
Hilb" (A3%) = Hilb” X; . The ideal theoretic description of our non-commutative
spaces (cf. Section 6.2.1) makes it immediate to define a morphism

®:U—-Quot”, J—KnNJ.

Note that this does land in Quot}, as K/(KNJ)=(K+J)/J =R/J] =C".
The morphism & is a bijection onto its image. Indeed, K N J = KN J’ implies
R/J =R/]J’, hence J = J’. Furthermore, the image V = ®(U) C Quot} is
open. To see this, one may use that V is constructible (by Chevalley’s theo-
rem) and irreducible (because U is irreducible, being an open subscheme of
an irreducible scheme). So V is closed in an open subset of Quoty.. But it has
the same dimension as Quot”., so V is open. Now® : U — V is a bijective mor-
phism of smooth schemes, so by Zariski main theorem it must be an isomor-
phism. We then have an open immersion @ : U — Quoty and a commutative
diagram

u—2 Quoty
[ L
Hilb?, —~— A!

which brings us in the wanted situation. O

COROLLARY 7.3.5. We have [Hilb" (A3))y;; = [Hilb" (A3%)y]B8S in M.

vir
PROOE. It is enough to restrict the identity of Proposition 7.3.4 further to a

slice Hilb" (A3), c Hilb?n) X; inside Hilb" X; . O

7.3.3 Stratification: computing the motive [Syp]vir

The goal of this section is to compute the virtual motive of Q' by determin-
ing the motives [S.ir and using (7.3.2). We exploit a stratification technique
we already used in Section 4.4.2, again along the same lines of [9, Section 4].
Fix integers 0 < j < n and two partitions

a=(1%i%...r%)Fn—j, B= (1ﬁ1"'kﬁk'-'sﬁ5)l-j,

We let G, and Gg denote, as usual, the respective automorphism groups.
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Isolated points

Let D, c [ ]; Hilb’ (X )% be the open subscheme parametrizing finite sub-
schemes with disjoint support. Let U, be the image of the étale map D, —
Hilb"™/ X; given by “taking the union”. The open subscheme

%:HH(i)“i\Acr[H(i)“i

fits in the cartesian diagram

open
C

Vo Dy

Hilb” ™/ X, « U,

[1;Hilb (X, )™

open

Hilb"/ X;

where the Galois cover g, is the (free) quotient by G,. Moreover, the product of
Hilbert—-Chow morphisms (each restricted to the deep stratum) gives a trivial
fibration

(7.3.7) Pa: Vy— ]_[XL“" \A=B,
i

with fiber [ ], Hilb’ (A3%)g".

Remark 7.3.6. The above diagram makes sense for all threefolds Y [9, Lemma
4.10]. Note that the stratum Hilbg Y is not equal to the whole Uy, it is just a
closed subscheme. This is because not all tuples of subschemes upstairs are
themselves “clusters”. For instance, consider k =5 and a@ = (1! 22). Then one
can pick 5 distinct points py,..., ps € Y and form the subschemes Z;, Z, and
Z3 consisting of py, {p, p3} and { py, p5 } respectively. Then (Z,,2,,73) € D,
but its image in U, does not lie in Hilb), Y. O

Embedded points

Let Dg c [ ] k(WLk )Ax be the open subset parametrizing subschemes with
disjoint (zero-dimensional) support. Let Us be the image of the étale map

Dg — WL] . The open subscheme
Vs =] WP \ac] [wik)P
k k

fits in the cartesian diagram

open
Vg Dg < Hk(WLk)ﬂk
ap l O [ét
WLﬂ . Uﬂ open WL-]

where the Galois cover gg is the (free) quotient by Gg. Moreover, by Proposi-
tion 4.3.5, p. 42, we have a trivial fibration

(7.3.8) pp:Vo— | [LP\a=Bg
k

with fiber [, F*.



94

| On the motivic partition function of the Quot scheme

Putting it all together

We now combine the two previous paragraphs to study the (G, x Gg )-cover
Vo x Vp
ap
Hilb! 7/ (X, ) x W) == Sup — Q]

whose meaning is, roughly speaking, that the only difference between V;, x Vj
and S is the labeling of the supporting points: upstairs, inside the product
of the punctual strata, we have ordered tuples of clusters which may happen
to have the same length, but downstairs inside Q' the ordering is not present
any more, and this ambiguity is killed by the automorphism group of the parti-
tions. We now describe the covering map g, explicitly in terms of commuting
matrices. A point (£,1) € V, x V3 can be described as follows:

e Apoint & € V, consists of the following. Foreveryi =1,...,r, one has ¢;
tuples (A;, B;, C;, v;) where the matrices are endomorphisms of a vector
space C’ and v; is a cyclic vector. As we are representing a point in a
punctual Hilbert scheme, all three matrices have a unique eigenvalue;
we can choose representatives so that they are all upper triangular (as
they pairwise commute), so in this form the unique eigenvalue of each
matrix will be displayed on the diagonal. Note, however, that either A;
or B; will be invertible, as the support of the subscheme avoids the line
L c A3 given by x = y = 0. This means that we can equally represent
the above point as a tuple (4;, B;, C;, v;, w; ) including one more vector,
determined as w; = Al._lBi - v; if, say, A; is invertible. It is no surprise
that this interpretation is actually available, as Hilb” (A®) and Q] agree
when we restrict the support to A3\ L. To sum up, a point & € V, is
specified by a; tuples (A;, B;, C;, v;, w;), such that A; - w; = B; - v;, each
determining a point

pi = (Aa; AppAc,) € Xp = A%\ L.
Finally, the disjoint support condition says that p; # p; for i # j.

* A point 1 € Vg is described similarly. For each k = 1,..., s, one has f;
tuples (X, Yi, Zk, Xt ) where the matrices are endomorphisms of C*
and still subject to Xj. - yx = Y- x4. The same conditions regarding span-
ning C*, unique eigenvalues and disjoint support hold (of course the
support is now confined on L).

The covering map ¢, is the direct sum; more precisely, we have

dap(E,m) = (A,B,C,a,b) €Syp,

where A=@; A; 8D X, a =P, v; P, xx and B, C and b are defined sim-
ilarly. By the disjoint support condition, the vectors obtained retain the span-
ning property with respect to the action of monomials in A, B and C. More-
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over, the “linearity condition” A- b = B-a is preserved. Since the matrices A,
B and C are block-diagonal, we can decompose the potential f,, as

(7.3.9) TrA[B, C] :ZTrA,-[Bi, Ci] —|—ZTer[Yk,Zk].
i k

The next result computes the pushforward to a point of the relative class

gaﬁ = q;ﬁ [Saﬂ ]relvir <€ Ml‘l/axvﬁ )

The result is a G, x Gg-equivariant motive, and applying the quotient map
TG,xGy 1O it gives precisely [Saﬁ Jvir- Recall the quasi-affine varieties

B, = l_[Xff \A,  Bg= ]_[L/’k \A
i k
from the previous paragraphs.
LEMMA 7.3.7. The pushforward of { ;5 to a point is the class

(7.3.10) ([Ba]-l_[[Hﬂb"(N)o]‘j;r) : ([Bﬁ]-]_[[Fk]f;) e M.

i k

Before proving the lemma, we make an observation. Fix two schemes X;
and X, and pick equivariant classes £; € M‘;(i . Form the fibre product

XIXX2 L) Xl

| Je

X, Spec C

C2
and let ¢ : X; x X, — Spec C be the structure morphism. Then? one has
(7.3.11) C!(Pl*gﬁpg*gz):C1!(§1)*02!(§2)€Mg-

PROOF OF LEMMA 7.3.7. Applying motivic Thom-Sebastiani (Theorem2.1.17,
p. 14) to the decomposition (7.3.9), we can write {5 as a product of the form

(7312) gaﬁ = *[H(l)]relvu‘ Vaxvﬂ *[W(k)]rel\flf VaXVﬂ o

where « is the convolution product on M@a <Vj and the restriction is via the
projection maps from

Vo x Vg [ THG)“ xW(k)P.
ik

Let p = p, x pg be the product of the trivial fibrations (7.3.7) and (7.3.8) living
over B, and Bg. During the proof of Lemma 7.3.3 we showed

[H (i)]relvir = ﬂ;[Hﬂbi (A3 )O]relvir’ [W(k) ]relvir = q;[Fk]relvir

2 We thank Ben Davison for showing us a proof of this fact.
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where 7, : H(i) — Hilb’ (A%), and ¢, : W(k) — F; are the projections. Now
we form the fibre diagram
’ _\
Viex Vg > [T, H()% x W(k)Px —— T, (Hilb! (A3)57 x F*

Byx By ———— [, o X' x L Spec C

i

and we use the projections

[T,  Hilb! (A3)% x P s Hilb! (A%),

fkl

Fc
to write each product in (7.3.12) as the pullback along g of the product motive

h[EHitb (A®)o], g, * 2 Fi]

relvir”

Then the class we want to compute is

upilap = uprg*(--- = hi[Hilb  (A%)o] . *TE[Fe] oi*)
- i!i*c!(.“* h?[Hﬂbl <A3)0]relvir*fZ[Fk]relvir*“')
=[B, x Bg]-c\(---h¥[Hilb" (A®)o] . *FE[Fe] i)

and the claimed formula follows from (7.3.11), after converting * to the ordi-
nary product in M¢ thanks to Lemma 7.3.3. O

Definition 7.3.8. Let  be a partition of j. We define the classes

(1= (18 [JIRTS) =S,

k Brj

in the ring of motivic weights M. &

The virtual motive of any stratum of the Hilbert scheme of points on an ar-
bitrary threefold was defined in [7, Definition. 4.1], entirely in terms of the
virtual motive [Hilb’ (A%)(]BS (and of the given threefold). The full motive is
defined to be

(7.3.13) [Hilb* v] . = [Hilbf v] e Mc.
atk

THEOREM 7.3.9. In M we have the relation

n

(7.3.14) [Q) ] = > [Hilb™ x; ] - [W/] .
j=0
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PROOE Consider the threefold X; and the stratum Hilbz’j X; correspond-
ing to a - n— j. Using that [Hilb' (A%)g]y;; = [Hilb’ (A3)o]5ES (cf. Corollary

vir
7.3.5), the definition [7, Definition. 4.1] mentioned above reads

[Hilb2 7 X;] . =mg, ([Ba] | J[Hin! (A%), 5 ) :

1

The motive (7.3.10) computed in Lemma 7.3.7 defines a class in the equivari-

ant motivic ring

~GaXG/3
M

by Lemma 2.1.7. Taking its image under the quotient map T Gyx Gy defined in
(2.1.5), yields

(7.3.15) [Sapl,;, = [Hilb, 7 X, ] . - [w/ L

Combining (7.3.13) with the definition of [W;'],4;, the decomposition (7.3.2)
finally proves the result by summing over j, @ and 3. O

Let us define the generating function

F(e) =D [F]t" e Mc[t]-

n>0

We then have the following.

COROLLARY 7.3.10. The motivic partition functionZ of the Quot scheme can
be written as

Z(1) =Zpo () HF ()"

PrOOE Using the power structure on the ring of motivic weights, (2.2.2)
gives
(7.3.16) > wr )t =F ()"
By (7.3.14) we can write

Z(l’) = ZA3\L(If) . F(l’)IL.

The result now follows from Theorem 2.2.4 applied to A3\ L. O

From Corollary 7.3.10 we indeed see that the virtual motives of the deepest
strata, [Hilb” (A3)o]vi; and [F,]yi;, determine the motivic partition function Z
of the Quot scheme. It would be nice to have a closed formula for [F, ;.

Arbitrary curves

Let Y be a smooth quasi-projective threefold, C Cc Y a smooth curve. Recall
the Quot scheme Q/ = Quot,, (.#¢), the main character of Chapter 4.

Definition 7.3.11. Let j > 0 be an integer. We call the motivic class

1= S [ e o] I )eme

Brj
the virtual motivic contribution of WCj C Qé. &
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Definition 7.3.12. Let n > 0 be an integer. We define the motivic class
QC vir Z Hllbn ] Y\C)]vir.[I/VC!]virE'/\/l‘E

and the generating function
ZC/y(t)=Z[QQ]mt”. &
nz=0

Again, the subscript “vir” has nothing to do with the canonical virtual mo-
tive of a critical locus. In fact, we have not computed the weighted Euler char-
acteristic of W] SO [WC’ Jvir need not be a virtual motive. However, we will
show below that [Q& ]vir is a virtual motive. Finally, the notation 7,y reminds
us that the classes defined above are not intrinsic to C, but depend on its em-
bedding into Y, as Q does. Note that Z; ;s = Z by Theorem 7.3.9.

LEMMA 7.3.13. We have y ([F,]vi;) = (—1)" y (E,) foralln > 0.

PrROOE This can be proven by induction, the case n = 0 being clear. Com-
bining Theorem 4.4.1 with the fact that [Q}'],; is a virtual motive, we find

(—1)"2(Q") = xwr(Q]") = 2 ([Q].,,)-
Moreover, we know by Theorem 7.3.9 that

n

[Qzl ]Vir - Z [Hllb" 4 XL ]Vlr [WLj ]Vir'

j=0

Taking the Euler characteristic of the right hand side, and using the previous

relation, it is easy to apply the inductive step. O
THEOREM 7.3.14. The class [Q(]yi is a virtual motive for Q(, and

Zcyy(t) :ZAS,o(f)[Y\C]'F(t)[C}-

PROOE By Lemma 7.3.13, we have
7 (W)= 22 (symy O [ T ()P = (~1) (W),
BEj k

so that y ([Qf]vir) = (—1)"x(Q{). Then Theorem 4.4.1 makes [Q/]; into a
virtual motive for Q7. The assertion on Z,y follows by the very definition of
[QZ]vir along with Theorem 2.2.4 (applied to Y\ C), and noting that

> wd], t =F ()l

j>0

by formula (2.2.2) defining the power structure. O

COROLLARY 7.3.15. Let Y bea projective Calabi-Yau threefold, C C Y asmooth
curve with ng ¢ = 1. Then

2([Q¢]) =DTuc-
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PROOE Combining Theorem 7.3.14 with the local DT/PT correspondence
(Theorem 5.1.1, p. 61), one finds y ([Q%]vir) = xvir(QF) = DT c. O

In particular, [Q/]i; can be seen as a “local” motivic DT invariant of Y at C.
When C is rigid, for example, DT, ¢ is really the degree of the virtual funda-
mental class

[QZ]¥™ e Ap(QR),

naturally defined on the connected component

Qg - In(Y» C) c Il—g+n(Y’ [C])

of the full moduli space. So its refinement [Q/ ] € M is a motivic DT invari-
ant in the strong sense of Definition 2.1.8.

Remark 7.3.16. In[77, Example 5.7] one can find an example of a cohomolog-
ical DT invariant in the projective case. We are not aware of other examples of
motivic DT invariants for projective Calabi-Yau threefolds, in a setting where
the moduli space parametrizes curves and points. Of course, without a curve
in the picture, we do have the virtual motive [Hilb" Y |,;, constructed in [7] for
arbitrary threefolds, and if Y is an open Calabi-Yau there are plenty of exam-
ples, see for instance [51, 52, 23, 55]. &
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8 TOWARDS A MOTIVIC DT/PT
CORRESPONDENCE

8.1 Introduction

In this chapter we conjecture an explicit formula for the motivic partition
function Z of the Quot schemes Q;'. The formula is

8.1.1) 7=7ps-75,

where Zyx denotes the generating function

Zx(t)=> [Hilb" X]  ¢".

n>0

Of course, this is only defined if dim X < 3, and Z 3 is the partition function
studied in [7]. It encodes the 0-dimensional motivic DT theory of A% and can
be thought of the “point contribution” to Z. The other factor is the geometric
series
Z,(r)= [sym" L], t" = (1= L2)7,
n=0

the most natural motivic refinement of the “stable pair moduli space” Sym” L.
It should be interpreted as the “curve contribution” to Z. The conjectured
identity (8.1.1) immediately generates (via the power structure) analogous for-
mulas for the partition functions 7.,y of Definition 7.3.12, where C is any
smooth curve inside a smooth quasi-projective threefold Y. The predicted
formula reads

(8].2) Zc/y:Zy'Zc.

When Y is a smooth projective threefold and C C Y is a smooth curve of genus
g, formula (8.1.2) can be seen as a motivic refinement of the identity

ZZ(In(Y’ C))g" = M(—q)l(y)(l _|_q)2g—2

n>0

proved in Proposition 4.5.6, where I,,(Y,C) = Qf. When Y is a projective
Calabi-Yau threefold and C has BPS number 1, (8.1.2) refines the (numerical)
DT/PT correspondence

DT =DTy(Y)-PT¢

proved in Chapter 5. Therefore (8.1.2) might be called a motivic wall-crossing
formulaatCcCY.
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We show that (8.1.1) holds to order up to 4. To compare n-th coefficients,
it is essential to understand the structure of the stack of coherent modules of
length n over the ring C[x, y]. In a joint work with Riccardo Moschetti [53],
we carried out the complete classification of such modules for n < 4. We use
some of the results in loc. cit., but not the whole classification is needed for
the sake of verifying the proposed formula.

8.2 A conjectural formula for Z(t)

By Corollary 7.3.10, and exploiting the properties of the power structure
along with Theorem 2.2.4, we may write

F(e)t
Zpso()L
Unfortunately we do not have a direct strategy to compute F, but we just estab-

lished that Z p3 is a factor of Z. It is reasonable to believe this factor to account
for the whole “0-dimensional contribution” to Z, so we need to interpret

F(r)"
Zpsp(t)

as the “curve contribution”. We next conjecture the latter fraction to equal the
generating function

Z(t) :ZAs(l’)

ZL(t):Z[Sym” L] t"

n>0

Note that [Sym” L]y;; = L7"/2| A"] = L"/2 by Example 2.1.14, p. 13, thus
Zp(r)=(1—tLV?)™"
is a simple geometric series.

Conjecture 2 (“Motivic wall-crossing”). In Mc[t], one has the identity

(8.2.1) Z(t)=Zps(t)-Zp(1). &

8.2.1 Equivalent formulations

Conjecture 2 is clearly equivalent to the expression

n

(8.2.2) [Q]], =D [Hilb" *(A%)]  .L*2,
k=0

where we should interpret IL*/? = [Sym* L];;. We already know that the vir-
tual motives of Q;' and of F, determine each other (cf. Theorem 7.3.9, p. 96):
when written in the form F(#)t =Zps ()" Z; () the conjecture predicts

(8.2.3) [Faly = D [Hilb"™F(A3)o]  -IL7F/2,
k=0
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On the other hand, we may use formula (2.3.11) to express Zps(t) as the frac-
tion C(¢IL1/2) /C(¢tIL71/2), and then therelation Z(t) = E(tIL.™'/2) /C(¢tIL71/2)
of Theorem 7.2.1 says that

_ F(e)k
E(tL7/%) =C(tL"?) o———.
( ) =C(LL7/7) Zono(OL
Then Conjecture 2 can be rephrased as E(¢) = C(¢IL)-Z (¢IL'/?), that is,
[En] S
2.4 =L"- .
(8.2.4) oL kZO[CUc)]

Example 8.2.1. By the properties of the power structure, we deduce from The-
orem 2.2.4 the expression

Zpsp(t) = l_l ﬁ(l—Lk_l_m/z)_l

m>1 k=0

=14+L3 2+ L34+ 1L+1L2) 2+
For example, if n = 1, the conjecture predicts
[P'l]vir — ]L—?)/Z +H_.,_1/2.

Note that F;, = P!, and the above class can be interpreted as I.=3/2[F], where
the “3” in the exponent reminds us that we are restricting the virtual motive
of the smooth threefold Q; = Bl; A3. Note in particular that [F |y # [IP!]y;,
the latter being defined as L™'/2(IL + 1), cf. Example 2.1.14, p. 13. &

Remark 8.2.2. Of course, to compute F is equivalent to compute E. However,
trying to prove (8.2.4) seems more approachable than proving (8.2.3), for all
“virtualness” has gone away. This is why we will mainly focus on (8.2.4). <

8.2.2 Induced formulas for any CCcY

Let Y be a smooth quasi-projective threefold, C ¢ Y a smooth curve. Sup-
pose for a moment Conjecture 2 is true. Then Theorem 7.3.14 combined with
the properties of the power structure yields

[c]
ZC/Y([):ZY(t)'(%)
=Zy(t)-Z;(t)"1C
=Zy(1)-(1—L7V/?)7(C]

=Zy(t)-> L™"[sym" C]¢",

n=>0

which can be rephrased as

(825) Zc/y :Zy'ZC.
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In the projective case, (8.2.5), if true, refines the identity
> 7(Qa) " =M (—t)7 V) (14 1)%2
n>0

of Proposition 4.5.6. In the Calabi-Yau case, and when the BPS number of C
equals 1, it refines the DT/PT correspondence

DTc(q) =DTo(Y,q)-PTc(q)

of Chapter 5. So in this case we view (8.2.5) as a motivic DT/PT correspondence
atCcy.

8.23 Thecasesn=0,1
The conjecture in the form of equation (8.2.2) is true for n = 0 (trivially) and
n =1 (this is the content of Example 6.2.7, p. 79).

For n = 1, we may also want to verify equation (8.2.4) directly as follows. We
have the affine quadric threefold

E;={(AB,a,b)|A-b=B-a}cA

together with the map E, — C; = A? forgetting (a, b). There are two strata.
The fibre over 0 € A? is a copy of A?, while above A?\ 0 the map is locally
trivial with fibre A'. Hence

[E)] =L*+L(IL*-1).
In other words, using that C(1) = A?/G,,, we find

[Ey]  L24+L(L*-1) L+1L2-1
1 T =L =L-(1+[C(1)]).

So (8.2.4) holds for n = 1.

Itis possible to continue and check the formula directly also for n = 2. How-
ever, the argument gets quite involved and is not particularly enlightening. We
prefer to try another approach, which will in the end confirm the conjecture
forn <4.

8.3 Evidence for Conjecture 2

In this section we verify a few more instances of Conjecture 2. By explicit
calculation, we will show the following.

PROPOSITION 8.3.1. Conjecture 2 is true up to order 4. In other words, the

relation
n

[QF ], = D [Hilb" (A% - L2
k=0

holds ifn <4.



8.3 Evidence for Conjecture 2 1 105

Let us recall the main characters. The forgetful morphism E, c C,, x V2 —
C, is GL,-equivariant, so it descends to the corresponding quotient stacks,
and we obtain a commutative diagram

E, — &(n)
(8.3.1) l 1nn
C

n — C(n)

where £(n) = E,/ GL,,. Recall that C(n) = C,,/ GL,, is equivalent to the stack
Coh,,(A?) of coherent sheaves on the plane.

Notation 8.3.1. Let A = C|[x, y] denote the coordinate ring of A2, and m =
(x,y) c A the maximal ideal of the origin. Let C(n); c C(n) be the substack
parametrizing sheaves such that m appears with multiplicity n—k in their sup-
port. For instance, C(n)y c C(n) is the closed substack parametrizing sheaves
entirely supported at the origin. We denote by £(n); c £(n) the pullback of
C(n)y along 7,,. ¢

Here is our strategy:

We will think of £(n) as the stack of pairs ([F], ¢ ) where [F| €
C(n)is asheafand ¢ : m — F is an A-linear map. Then 7, is the
morphism forgetting ¢ and retaining the sheaf [F|. We stratify
C(n) by the dimension of the fibre Hom,(m, F) of 7,,, and then
we observe (Lemma 8.3.10) that in order to verify the conjecture
in its form

[En] :

k=0

we may very well replace 7,, by its restriction £(n)y — C(n)y. In
other words, we only need to pay attention to sheaves supported
in one point.

8.3.1 Some technical tools

Let P(n) be the stack defined as follows. For acomplexscheme S, letP(n)(S)
be the groupoid of pairs (., ¢ ) where Z is an S-flat family of coherent sheaves
of finite length n on A% — S and ¢ is an @Ai -linear homomorphism

¢st—>9,

where mg is the pullback of m along the projection p : Ag — A% Given f: T —
S and two objects £ = (F,¢) and { = (&,y) lying over T and S respectively,
amorphism £ — ¢ in P(n) lying over f is a commutative diagram

frmg L prg

| |

¢

mr ——
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where ¢ is an isomorphism in Coh(A3.). To be more precise, by f* we actu-
ally mean ( f xidp2)*, and by the pullback symbol we understand a choice of
pullback for every morphism of schemes, so that the equality symbol in the
diagram is the canonical isomorphism induced by this choice.

LEMMA 8.3.2. The stack €(n) is equivalent to P(n).

PROOE. One can identify E, with the space P, of triples (A, B, ¢ ) where
(A,B) € C, and ¢ : m — V is a C-linear map satisfying A-¢ (y) = B-§(x).
The isomorphism E, = P, is an isomorphism of GL,,-spaces, where the GL,, -
action on P, is given by g - (A, B, ) = (AS, B8,g o ¢). Taking stack quotients,
we get an equivalence £(n) = P(n). O

Some arguments in the following proofs develop along the same lines of
similar results in [15, Section 2].

LEMMA 8.3.3. The stack &(n) is algebraic. The morphismm, :£(n) —C(n)
is representable and of finite type.

We need the following result of Grothendieck, which we recall almost ver-
batim from [57, Thm. 5.8]. Let f : X — S be a projective morphism, E and F
two coherent sheaves on X. Consider the functor Schgp — Sets sending an
S-scheme T — § to the set of morphism Homy, (Er, Fr), where Er and Fr
are the pullbacks of E and F along the projection X; = X xg T'— X. Then,
if F is flat over S, the above functor is represented by a linear scheme V =
Spec Sym,, # — S, where ¢ is a coherent sheaf on S. We need to compactify
AZ? in order to apply this result.

PROOF OF LEMMA 8.3.3. Embed A? c IP? as the complement of the third
coordinate hyperplane x, = 0, and form the stacks C(n) = Coh,(IP?) and
P(n). The latter parametrizes pairs (F,¢) such that F is a coherent sheaf
of length n on IP? and ¢ : m — F is an Op:-linear morphism, where m is the
ideal of the point (0: 0: 1) € P?. Let %, : P(n) — C(n) be the morphism
forgetting the map and retaining the sheaf, so that 7, is (up to identifying
P(n) with £(n) via Lemma 8.3.2) the pullback of 77,, along the open substack
C(n) c C(n). Let S be a scheme, S — C(n) a morphism corresponding to a
flat family of sheaves F parametrized by S. Let

P —— P(n)
(8.3.2) } 5w
S

—— C(n)

be the fibre product. Then P is fibred in sets, corresponding to a functor send-
ing T — S to Hompe (M7, Fr). By S-flatness of F, and thanks to the result
recalled above, this functor is represented by a linear scheme V— S, showing
that 7, is representable. Taking S to be an atlas for C(n) shows that P(n) is
algebraic. Pulling this back to the open substack C(n) c C(n) proves the re-
sult. O



Definition 8.3.4. By a Zariski fibration of stacks we mean a morphism & — %
such that the pullback along any morphism B — % from a scheme is a Zariski
fibration of schemes (cf. Definition 2.1.2, p. 7). &

Remark 8.3.5. Note that a Zariski fibration of stacks is automatically repre-
sentable, but the definition does not imply that % has an open cover by sub-
stacks such that the pullback becomes trivial. This is why in the definition of
Grothendieck group of algebraic stacks one has to add the “fibration property”
as an axiom. O

LEMMA 8.3.6. There is a stratification of C(n) by locally closed substacks
C(n,r)cC(n),
such that their pullback under r, is a Zariski fibration with fibre C".

We need to recall another result of Grothendieck. Thisis[31, Théoréme 7.7.6]
and can also be found in [57, Thm. 5.7]. If f : X — S is a proper morphism, and
E is a coherent sheaf on X that is S-flat, there exists a coherent sheaf 2 on S
inducing functorial isomorphisms

N f(E®g, M) 0omg (L5, M)

for all quasicoherent sheaf .# on S. The sheaf £ is unique up to a unique iso-
morphism, it behaves well with respect to pullback, and moreover it is locally
free exactly when f is cohomologically flat in dimension zero [31, Prop. 7.8.4].

PROOF OF LEMMA 8.3.6. Let S be a scheme, E € Coh, (IP%) a flat family of
sheaves corresponding to a morphism S — C(n). The projection f : ]P% —
S is cohomologically flat in dimension zero: this is true for every proper flat
morphism with geometrically reduced fibres, see for instance [31, Prop. 7.8.6].
It follows from the result recalled above that the sheaf 2 islocally free of finite
rank. Let

C(n,r)(S)cC(n)(S)

be the full subcategory consisting of sheaves E such that & is locally free of
rank r. By the existence and the usual properties of the flattening stratification
[57, Thm. 5.13], these subcategories are substacks and form a locally closed
stratification of C(n).

Consider a morphism u : S — C(n,r) ¢ C(n). Then in the fibre square
(8.3.2) one has now P = Spec Sym,, . Since £ is locally free of rank r, the
pullback P — S of 7, along u is now a geometric vector bundle over S, hence
Zariski locally trivial with fibre C". This shows that 7,, becomes a Zariski fi-
bration when pulled back to C(n, ). The result for 7, follows by restricting to

the open substacks C(n,r) =C(n,r)nC(n). O
We now focus on modules entirely supported on m. Let U — C(n), be an
atlas, corresponding to a family of modules parametrized by U. The function

r: U — IN defined by
u—dim¢ F,/m-F,
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is upper semi-continuous, so its fibre over r € IN defines a locally closed sub-
set U, of U, which we may endow with the reduced scheme structure. Its im-
age in C(n), defines a locally closed substack

X(n),cC(n)o,

and C(n), is stratified by these substacks when r ranges through 1 to n. The
number r represents the minimal number of generators of our modules. Note
that the motivic class of X'(n), is independent upon the choice of scheme
structure on U,.

COROLLARY 8.3.7. Let X (n), c C(n), be the substack of modules, supported
at m, that have r as minimal number of generators. Then the pullback of
7, :E(n)y—C(n)y along X(n), is a Zariski fibration with fibre C"*".

PROOE. Let us pick a point [F] € X(n), and an A-linear map ¢ : m — F.
Then ¢ is determined by the images ¢ (x) and ¢ (y) of the generators, along
with the relation y - ¢ (x) = x- ¢ (y ). However, multiplication by x and y map
F into the submodule m- F, which haslength n—r. The identity y - ¢ (x) = x -
¢ (y) then imposes n—r conditions, so dim¢ Hom,(m,F) =2n—(n—r) =
n + r. This shows that

X(n),cC(n,n+r),

and since 7, is a Zariski fibration over C(n,n + r) by Lemma 8.3.6, the same
is true over the substack X (n),. O

Note that the motivic class of X' (n), makes sense in the Grothendieck ring
Ky (Stc) by the locally closed condition, so by Corollary 8.3.7 we obtain a de-
composition

n

(8.3.3) [E(n)o]=1"-> [¥(n),]-L".

r=1

Example 8.3.8. If r = n there is only one module, namely k®", where k =
A/m = C is the residue field at the origin. Then [X(n),] =1/GL,,. &

Example 8.3.9. The stratum r = 1 corresponds to Artinian algebras A~ A/ I,
that is, subschemes Z c A? of length n concentrated at the origin. This gives

[Hilb" (A?)o]
)= ooy

where we are using that Aut, (0 ) is an extension of n—1 copies of G, together
with a copy of G,,,. This follows easily from [17, Prop. 2.2.1], but cf. [53] or di-
rectly Remark 8.3.11 below for a slightly more detailed explanation. Further-
more, the motive of the punctual Hilbert scheme can be extracted from (2.2.7),
so the stratum corresponding to r =1 is easily determined. &

8.3.2 An inductive strategy

Let us now go back to Conjecture 2 in the form (8.2.4). We already know this
formula folds for n = 0 and n = 1, so it makes sense to prove the formula by
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induction. Then, after the inductive step, the conjecture becomes equivalent
to the relation

(8.3.4) [E(n+1)]=1L-[E(n)]+L"".[C(n+1)] forall n>0.

At this point, the natural attempt would be to exploit Lemma 8.3.6 to write
down the left hand side, and compare it with the right hand side of (8.3.4),
which is determined by the previous steps along with the Feit-Fine formula.
We now show it is enough to do this restricting attention to the “punctual”
substacks (see Lemma 8.3.10 below), so for the left hand side we will be able
to exploit (8.3.3).

Recall from Notation 8.3.1 the substacks
C(n)ecC(n)
parametrizing coherent sheaves F such that the origin in A? appears with

multiplicity n— k in the support of F. Then C(n),, consist of sheaves without
m in their support and

C(n)r=C(k)rxC(n—k)o.

Form the fibre squares
E(n)y —— &(n)

| o =

C(n)y — C(n)
fork =0,1,...,n and observe that C( k) is contained in the stratum C(k, k) €

C(k) over which 7y is a fibration with fibre C* (cf. Lemma 8.3.6). Indeed, if a
sheaf [F| € C(k) does not have m in its support, one has

HomA(m,F) = HomA(@”F) — HO(F) :Ck.

It follows that
[£(k)i]=1LF-[C(k)i] € Ko(Ste).

Using this relation, we are able to prove the following.

LEMMA 8.3.10. If one has
(8.3.5) [E(i+1)o]=L-[E(i)o]+ L7 -[C(i + 1)),

for i < n, then (8.3.4) holds. In particular, Conjecture 2 is true if and only if
(8.3.5) holds for all i.
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PROOE A direct calculation shows that

[S(n—i—l)]:nZ[E(n—i—l)k]
k=0

= 2 ()] [E(n+1-F)o]

= > LE-[C(k)i]-(L-[E(n—k)o]+ L [C(n 4+ 1-Kk)o))
k=0
n n+1

=LY X [C(k)e]-[E(n—k)o]+ L > [C(k)i]-[C(n +1—k)o]

k=0 k=0
=L-[g(m)]+L - [C(n+1)]
This recovers the previous inductive form (8.3.4) of Conjecture 2, which is
therefore true if and only if (8.3.5) holds for all i. O

It is now easy to verify the base cases of (8.3.5). We quickly do it one more
time because we need explicit formulas in order to treat the cases i > 1 (the
argument is inductive). For i = 0 the right hand side is

I L2-L+1L B L2
L-1 L-1  L-1

L-[£(0)o]+L-[C(1)o]=L+1L

On the other hand, the left hand side is
1 L2

We know ) s )
1 L IL°+1Lc-1L
C@l=t5+e,="¢p

Soif i =1 we find

L3 LP+04-013 LS+4+IL°-13
1[5(1)0]+]}“2[C<2)0]:l_1+ C||_2 = GL2 :

On the other hand,

1 ps L+l LS+ -I°
GL, L(L-1) G,

(8.3.6) [£(2)]=1"

so (8.3.5) holds for i =0, 1.

8.3.3 The length 3 case

We use the classification of finite A-modules of length 3 entirely supported
at the origin, see the joint work [53]. Let k = C be the residue field at the origin
0 € A?. The upshot is that the only indecomposable module of length 3 that
is not a structure sheaf is the k-linear dual

(A/m?)* = Homy (A/m? k)

of the (unique) non-curvilinear structure sheaf, defined by the square of the
maximal ideal. A quick computation of the hom spaces Hom,(m, F), or an
application of Corollary 8.3.7, completes the following table:
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r C(3) Auty F Motivic contribution Homy,(m,—)
L(L41)+1
2 4
1 02 GaXGm ILZ(IL—I) C
2 (A/m?)* G2xGy, 1 C?
a L2(L—-1)
L+1
3 Q2 5
2 k@ﬁz GaXGm ]L3(H_,—1)2 C
3 k® GL . (o
° GL;

Table 1: All C[x, y]-modules of length 3 supported at m, along with their automor-
phism groups. Here r is the minimal number of generators.

Remark 8.3.11. The automorphism group of an A-module F of finite length
is

C
Auty(F) =Ux] [GLy,
i=1

where U is unipotent and m;, ..., m. are the multiplicities of the indecompos-
able summands of F. This is proved for instance in [17, Prop. 2.2.1]. In fact,
we have been sloppy in Table 1: by G}, in the column “Aut, F” we actually
mean some unipotent group of dimension j. However, we only care about
the motivic class of Aut, F, which has become the “denominator” in the next
column of the table. Luckily, any unipotent group U in characteristic zero is
an iterated extension of copies of G,. Moreover, the groups G, and GL are
special, a semi-direct product of special algebraic groups is special, and the
motivic class of a semi-direct product of groups is the product of the classes.
In particular Aut, F is always special, so its class is invertible in Ky(Stc). <

The sum of the classes appearing in the third column of Table 1 is
1

8.3.7
8.3.7) o

(L®+ L7+ 1L —1L°—1L%),

which matches (as it should) the motive of C(3),, as one can check by using
the expansion (2.2.8), p. 19. Let us now check the formula

(8.3.8) [£(3)o]=L-[£(2)e] +13-[C(3)0]

Let us start from the right hand side. We have

]LG ]LS_ILB
L-[£(2)e]=L- e using (8.3.6)
GL,
1
:G_L(ILIZ +:[LH—21L9—ILB+ILG)
3
1
L3-[C(3)¢]= =— (LM + L +1L9-1L8-1L7) by (8.3.7),

T Gl

111



112

| Towards a motivic DT/PT correspondence

so the right hand side of (8.3.8) is
1

T(ILIZ + zlLll + lLlO _]LQ _ZILB —1L7 + ]L6)'

3

On the other hand, Table 1 allows one to compute the motives of all the strata
X (3),. Thus applying (8.3.3), we find

LS . ( L+1 1 s (LA+D)+1
[5(3)0]:G_L3+1L '(L3(1—1)2+LZ(1L—1))+]L ( L2(L—1) )

which is easily seen to agree with the previous displayed expression. Thus
(8.3.8) is proved.

8.3.4 The length 4 case

The complete classification of C[x, y|-modules of length 4 can be found in
[53]. However, in order to establish the formula

(8.3.9) [£(4)0) =1L-[£(3)0] +1L*-[C(4)o]

we can simply look at all strata except one: the Feit-Fine formula allows us to
compute the last one as well, which we can then substitute in identity (8.3.3)
to confirm (8.3.9). In Table 2 below, we as before abuse notation and write Gfl
for some unipotent group of dimension j.

r C(4)o Aut, (M) Motivic contribution Homy(m,—)
L3 +2IL2 +1L+1
1 0, G2 %G Co
z a%om L3(L—1)
L+1
3 k?e 0, > GL —_ !
&0, GaXGmX 2 ]LS(]L—I)GLZ C
1
2)x 5 2 _ 7
3 ke(A/m2)*  GSxGZ TYE C
4 k® GL, . C?
GL,

Table 2: The C|x, y]-modules of length 4 supported at m, such that r #2 (where r is
the minimal number of generators), along with their automorphism groups.

Using Table 2 we can write

L3420241L+1 L+1 . I8 6
[£(4)o]= L3(L—1) 1L5(1L—1)GL2']L+GL4+[X(4)2]'1L

where the motive of X'(4), is computed through the Feit-Fine formula (2.2.8)
and the knowledge of the other three strata. Using the class of £(3), com-
puted at the previous step, along with the class of C(4),, it is a straightforward
verification to show that (8.3.9) holds.
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