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WHAT WE KNOW ABOUT SOME MODULI SPACES

Quot,a3l0④r) MK's

{ Hight
'

Hillis / Yg firkin)
a-

many amazing everythingnothing
things

In Donaldson - Thomas theory ,
moduli spaces we

totally don't understand reveal amazing properties .



"

Modern enumerative geometry is not so much about numbers

as it is about deeper properties of the moduli spaces

that parametrize the geometric objects being enumerated . ..

Andrei Okouukov

Lecturesonktheoehcconputations
innumerategeometry



THINK BEYOND NUMBERS

* vector spaceHe ( M ,
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DT theory has several natural refinements :
we will see the K - theoretic refinement .



DT THEORY : CLASSICAL CONTEXT 113 rt; = Ox
←

X : smooth projective Calabi-Yau 3 - fold

j E H
*

( X ) → M×( y ) =
moduli space of
sheaves with ch = y .

→ DT (X
, y ) E

'

Z DT invariant
"

deformation invariant
analogue of etop (14×181) .



KEY FACT ON M = Mx ( Y )
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WHAT IS SPECIAL ABOUT
'I = { If = O } ?

(2) IH# ( I , Iofµ perverse sheaf of

ye
vanishing cycles

ever 121 = ? C- IT dim IH:( '2. Ef ) E
'Z

F
computes DT invariant when 2=14×18 ) .



(2) '2={4--0} has asymmetric obstruction theory :
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.

- Kutz ]

14 Letitia If
II.
z
= ( 9/92 Walz )
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THE OBSTRUCTION THEORY 4 INDUCES :

( it a virtual fundamental class (2)
""

E Ao ( Z )
,

Ciii a virtual structure sheaf Of
"

E Ko ( Z )
.

Remark : the " virtual canonical bundle "

④ 2

Kui
.

det E-
crit
= Kutz

has a canonical square root.



ACTION STARTS NOW

Main player in HIGHER RANK DT THEORY OF POINTS is the
. Quot scheme

⇐ Quotas ( Otr, n )
( s ) ← the simplest cY3 . . .

^

↳
←

o - dim sheaf , XLT ) = n

o → S → O
④ '
→ T→ o



SOME FACTS

(II r = I → get Hillshttp (local model for o - dim DT theory )

121 Quota, (09h ) ' " { df = of E explicit Ut
,
n

µ
"t
[ Beentjes - R zois , Sandro

"

i r = i ]

131 Have l . ]
"

,
O
""

,
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MOST IMPORTANT PROPERTY : TORUS ACTION

IT = ( Ex )
'

× ( qxyr
"

framing torus
"

I ✓
rescales

⑦ r

moves the support of Tff
④ r

via lta.tz.to/.lxa.xz.x3)--ftpc,,tzxzit3K3 )

⇒ GET AIT- ACTION ON Quota, (09h ) =: Q
, n



THE IT- FIXED LOCUS ( ¥
,
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n
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plane partitions II. of size ni
-

monomial ideals I
# of colength no.
i

⇒ y§tn = { r- COLORED PLANE PARTITIONS reduced
,

E = ( its . . . . . # r ) , # I = Elicit = n } isolated
.



K- THEORETIC INVARIANTS

II → Ky p.at. on a Tt scheme Y -a O E K (Y )
Y proper -is XIY, - ) : K (Y )→ K ( pt) .

X"TY,Vl:=XlY,V④0
Ty
" " "

= HIV VIRTUAL TANGENT SPACE
,

moving
N
""

= N ÷
, y

= Ty
"" /
,
#

VIRTUAL NORMAL BUNDLE
.



VIRTUAL LOCALISATION

Y has a II- action ⇒ YI has its own 0
"" Fantechi - Gottschee

£

tmall.fm/v7-u/Ek!TptIfci-tti/iueTT#.i
If Y is not proper, DEFINE X

""

(Y, V) to be the RHS
,

provided that YI is PROPER
.



DEFINITION OF K- THEORETIC DT INVARIANTS OF LA
's

*, ⑦ "r Our ④ Kiir on each Qt
,
h .

* i tr : Kott Cpt )→ '21ft " / pi EF ] , Vts character ( V) .

virtual localisation

Dtm Harm . Girl E.
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HIGHER RANK K- THEORETIC DT PARTITION FUNCTION

K tatzt,
f.

DT
, (9) = ⇐oDTr.n.gnEZHH.w.it/kgDj t

ta ,tz , t ,
Wai - - - iwr framing
parameters



RANK 1 : Okounkov proved Nekrasov 's Conjecture :

DHH=Expfµ⇒i"Y¥fI¥h¥
in

'ZKta.t.ts.ws , HI 91

• Exp = plethystic exponential (Exp f- Ha .-rest - exp
,
tnfczi'.- izhi . )

• (x] = set - x- I .
• Note the independence on wz !



THEOREM ( FASOLA - MONAVARI - R )

DT
,
It
,
w,k÷ g) = Exp Fr ( t , g ) , whereeanii÷iii÷÷i¥i¥ii¥

• This was conjectured by Awata - Kanno (2009 ) in string theory .
• Again : independence on wa. . . . . Wr .



BEFORE WE GO ON

• A proof of the Awata- Kanno conjecture was also announced
(private communication ) by Noah Arbesfeld 8 Yasha Kononor.

• A "

lo years
later

"

review on this conjecture was recently
arxived by Kanno

.

• One more remark on the Physics literature . . .



• . . One can also write fun fact : same factorisatin 9 shift
arise in MOTIVIC DT THEORY

to

DIK-%) = it! DT, f-qI ti ) .

This formula appeared in work of Nekrasov - Piazzalunga
as a limit of (conjectural ) DT identities

.

4



INGREDIENTS IN THE PROOF

=
(1) explicit formula Tj

"

= Z Vig. E K¥1pt) . Is] E QI
,
h .

i.j =L

B. 12) DTR (t, w, Kk, g ) does not depend on w
.

(3) Evaluate DT.lt, w, Kk, g) = IZ g
' ⇒ IF I- Vi;] .

i. j=1
by setting wi =L

"
and letting L→ -

.



HIGHER RANK VERTEX

Tj
"

is a sum of Vi; = wing. (Q ,. - II + lttilhtzllttslq.CI.. )
where Qi = Ero,

,

= I t
'

,
and CT sends to. → ti

'

.

FIFE ti

To run this higher rank version of IMNOP] , we check that

Quota, (O
④

,

"

n )
#
carries the TRIVIAL OBSTRUCTION THEORY

.



COHOMOLOGICAL DT INVARIANTS Si = CY ( ti )
, y.

= II fwy. )

DT:L far
,

.fi. ain't-Time QKs.nl
[ MNOP ] : r = , ✓

SZABO'S CONJECTURE ( [ Bernini - Bonelli - Poggi -Tanzini ) : verified up to r, n e s

DTIhlgl.in?oDtI.hn.gndMa..,rgjis'+sYsssYsYkts#
( Mlg) Eg ' " '

= It
,

Ci - gm )
- m

MacMahon function )



THEOREM (FASOLA - MONAVARI- R) . SZABO 'S CONJECTURE IS TRUE
.

"

Proof
"

HI DTIhlgt-liz.DE/ebs,ebr, g )
,

(2) DTYh does not depend on v -- e
#
(w)

,

(3) compute Liz
.

Exp Flt! .tt , t! .gl . HE



FUTURE ( ? ) OF DT THEORY OF POINTS

?Lf We propose a definition of VIRTUAL CHIRAL ELLIPTIC GENUS

° (math . formulation of ELLIPTIC DT INVARIANTS (Bernini - Bonelli -Poggi - Tanzi ni ]

f p
-

- o . . . Guess a formula !

✓ K- THEORETIC
ITt e One more formula awaits proof :

✓ COHOMOLOGICAL
-

t """ " ftp.9?o!.e..,..nf,..=MH-i5gi' " "" ④""
ENUMERATIVE

( Y projective 3 - fold , F exceptional )



FINAL OBSERVATION ( with Alberto Gazzaniga )

Fix a hyperplane Dc 1pm, m 23
.

Let Frr.nl/Pm ) be the

moduli space of D - framed sheaves on 1pm
,
i.e

. pairs ( E , y )

where ch ( El = ( r, o . . . .io , - n ) and y : Efp 50,50 !

THERE IS AN ISOMORPHISM

y : Quot.am/09nl-TFr..nllPm )

( Eis → T ) ↳ ( E. ilp )



PROOF

111 y is bijective . Easy ( EGEEO,p⑤:/ , and false if m=z .

dy
(2) at [E) ILIE.it, ) : tangents : Hom ( E. Q ) -→ Ext

'

( E. Ef- D ) )

tf obstructions : Ext't Q ) - Ext
'

( E. Ef- D ) )

(3) Get isomorphism of LOCAL DEFORMATION FUNCTORS
.

If
(4) y is E' TALE

. ME



Thank
you
!!


