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Overview

§ 0. Derivci/krinnguhl‘.u, cohaories
§ 1. Sem\'orkl\oaenae J-ecompos([-.ions (sop)
§Z Ma\'n cesult: theve is o moduls space o}. SODg .

§3. ﬁrsk o.ﬂ;e\'ca.l:(ons



§ 0. Derveo cateaories
A abelian ca,hcsovg such as CoMY), QCOL(Y) §or Y 'Y noel:heritm SLLEH\E

b(\’“ : complexes A. = ("'-’Aiﬁhm-ﬁ ) with somewhat exokic morphisms .
T@o: (senis quasi- isomorphisms {o lSONOBPHISMs)

K(A) : \nomol:nf\’ ca&eaavgj ;3;' A (Homs = chain ma‘:s/komo‘:opn)

A< D(A)
E [ (..._,o_,E_.o_,...)

-1 0o 1



TWO VARIATIONS ON D(Co\\(Yn

(Y) = D(Y) < DICh(Y))

7~ "
i Com?e!xes z {EOU“JCJ ComPeexes}

t focaf® %uasi-isomo(f\\k to o bomded
mm?éx of loca% frec sheaves



MoTlVATlOM for DL(Y)

“fjen:me Weez [ -\ruui;.lg an J.r.l’-mmwzi Jlg sheaves om 4k
Y=Y & GhY) = GhY)
Lock-ak ‘maf-emyt: an.ss-. Coh(-) is a coarse dnvariank !

(Bu.li DL(") is o )(tner snvariant:

Y sme: Prgjcc‘we +Ky umree
Then (Bondat- Orlov ) D(Y) (Y’) - Y=Y



o Al these r.ul‘.z;on.i:s Te EDB(Y)' D(COL(Y)), Pzr_;:(Y)l D(A)} are TRIANGULATED,
1.0 eqviﬂ:ed with an aul:oeg‘ui\memce_ [1]:']" ST and o class oJf EXACT TRIANGLES

E""F.“’ G.—'E‘[ﬂ Sﬂ-l'isfj'ing some axioms.

ABE A — Exg(A,B) = HomD{d)(A,B[‘-])



{:. E'—v F' mar f comPeexes An -74 'JE 3
~p cone({) E‘“QF com(f) bl

——F > come( )
ME:F c::e.(-{')) v;w-k:om;laex AE.. ('; F.;;H.CT TRmNG-LE(S )fl.r\ D{\A) ore [CONES
iso ) o e Jorm — — con —_— e
5 et e L]
FoErar EMOF - gt

ey 028 >E—=A—>0 in A

aives on extension ¢.

W B—>E—-A < B[]  exacr teiawete in D(oA)

(\}
e € Exk (A,8) = How (A BID)
D(A)



Avso, peERVED FuNCTORS

ja{ea.: 76*,7{‘: ®, q‘lmn mot exact ~ rerga.ce them

with funcl—ars Send_v.'né exact krianéee P exact 'l:rianéee

R—.r* . D(QGh, ) — D(GCh, )
3 X :’ Y morl;llbm- e}' schemes (+ usvnrl!iuns)
Lo+ D(Ghy) = DIQCh,) Lo Ot dered
L ¥ 3
D(@Cahy) * D(QCoh, ) i*D(QcoLx) R: right deriwd

DIGGhy) = DOk, ) 2 piacy, )



§ 1. SEMIORTHOGONAL DECOMPOSITIONS

TFomls LT
T: fizeJ frn‘n.navfn‘teul :utegaq_j L e SD; o; T
'T; ST T" <T fv«' svlscnl?egurx'es /

O R jen:ra.{'.e T
no homs !
QHOMT('T:',,'U)_TO) i)g’ e

: Tis zq_w‘va?«n(: (viq 4'n<evsion) 4o the smallesk {:vinnauenhl
suLu}.z:oq.j conkainin; 'T; e Tn =



\[\IHHT DOES IT MEAN ?

5& means bhat ’T,,—,Tu cam be used. t uaumpose‘
anj Te 'T n Hu fa"auina sense: "FILTEATIUN"

o=T, T = >T =T

with c.on.e(Tl._ — T«:-l) € rr:-

AAAL PROJECTION FUNCTORS ; =
(of the giver SOD) rﬂri =~ TL g
d TH CUM(T}—'T-._.)



Exa.mP?e

T(To0) and T=¢0,T) ore catled the TRVIAL SODs.

Exumree
%

S <—"vT admessible su(ma.éf,uj (4‘.(. have &ﬂ n‘_’M‘ ni_}‘uirits T;._’j)
J‘ $7€T | Hom(T,ALeD) = o VAeS, VeeZ }
= {T€T | Hom(Ale],T) = o VAeS, Vee Z }
~ buo SO0 T=(S,5), T-(s5).



Examree

Y=Pt T:[f(Pw,q3=(OQ)) (0 €jsn)
; / “Lubl excephional se vence”
Beilinson : D ([P ) = <O,U(I), -, 0(n) > ({::i“ju/’thfsgo)

el

or: <0(’i),0(1'.+1)’ - 0Eem) >, ie?
° E'€ DL(P") exCIP"funn.e; HOW\ (E',E'[e]) = [f ::1
. E;,...,E'h exceFl-iom?. sequence: EE exc.,,kme, HOM(EE,EJ: [e])zol bj, Ve

no /LO”IS l

€——
e FULL (e GENEERTHJN): consequence of

£ = H () @ Q¢ ves _ CF resso %
i ,( )-,Q( ) : ,,{° AL Fe Ch(P")
€= (Fea’tn) e 00 — £ . F e

o else



X smookh vaneg Y x fake Lecwvr 1r o l'rc

fully g0 Vie
Le*. D1X) = D°(5) £ o
Y D)= D'(R), Fis R (LF18 0, ()

= D'(X) = (L D(x), lP,,(DL(Y)),...,IPC_Z(DL(Y))>
L I I

T 24 %



lNDECOMPOSAB!LlTY

Ohe nluljs has T=<T;0> and T-= <DJT>'
J)f Husl are the tmej SODs, T s calfed INDECOMPOSARLE .

T < D'(Y) indecomporable for

1) Y et o}' jh\us 21 (Okaw:a.)
(2) Y swmookth com\e:‘l’.ed.‘ ky =0 (Brinljceawui)

(3) Y smookh, proper, Bs (le }‘(nih_ (Kawu\:un{—()kawa_)
(tY - More in €3




§ 2. Moovu of sODs
How po SODs BEHAVE IN SMOOTH FAMILIES (

£
ie guen D'(X) = (Ty, To) and o fomily

what can we say abouk SODs of X77 It

A consequence a} ovr main vesolt is. IF Ll 15 |RREDUCIBLE AND THE
GENERIC FIBRE IS INDECOMPOSABLE, THEN SO |5 THE SPECIAL FIGRE.
[ Ba&L(m:Qei ~ Eeemms- ollawa. - R]



excellent scheme
v eq. C- varct}
IV\FUE o Smool:h Fraaec[nw. morf‘msm }_ —_— u_ n

Oul:‘:vE o -Fvnct:ar n: SEL\‘I"—> Sal:s

”(V—»u)/ 1V-Bnar 5002 Ref(%xV) = (T,,..T, )}

this is the def. V-Qinear means: the componenls Te Vher i
for WU) € AR, LR e T < T,

IV 3 I{LV S
f\/l g ls: O(g-“‘“"i&_j is needed & make sure
vV— U we com [’aa.se-cha.njv_ SODs [kuzneEsovJ



THeoREM (BOR) s an ébale over U.

J

[RELRTED-. Anticav-Elmanto conckruct o STACK ojﬁ SODs in o wmore ﬁuu.ro.e setuP.:I

FROH NOW ON: n=2




CoroLLary: 3! DEFORMATION OF qven SOD

_X_ Gchh. D <.A ,55> FOSSLLPJ s{:t_r fa.ssm; %u an

<X etale nu‘.jl'tl:ov’mooa[ u_, ) u o)f 0 ¢ U.,
I$ 3 l L- finear SOD ?erg £ 52 <‘)4U.J,Bu. >
_<|>_ u wL.nsz Lusc r.Luuch. a.emg g[;ecl:(o) - u_ s (%),

[KELATED: Hu Provcd this j:nr excerﬁiona.e se_?uences,:l



EXGW\FQQ x —f—) U ;m{, of Calobi-You variekies
= SOb = LB — U
e
ExamFQe X = [P o=t (0,064) )

e
35S = rl-, 1 PE 1L _LJ- rl: nok 1msf-comrncl:...
N~ ¥
+riviae SODs o Z



Proor (Aerw’s cuterion)

P= S:L: o ScEs Fus‘um}. .ﬂ: is an agaekm\'.c space tlale over U iﬂ::
W Pise skmf on (S‘l‘u)gg
(2) Pis eocn@ej oj.' f\'vu'.l’.c Pnsu&n&iov\ ( Gimik Pr:serving)

(3) (B."‘) ﬂom@ huunevg'an. rina| m—comreat}., Src,c B Sorad U.

[ 5

2 P(specB) S P(Spuc B/n) el



TWO WORDS ON LIMIT PRESERVING

I;X=§ji->1

R| o I:

BETU

€ < RE(Y) FOURIER-MUKAI  Rorf (%) ——— ¢K fef (
i FUNCTOR £, Rf’z*(ﬂ E oK)

Norarion: éK S %r“*) Ehe essenbial Amaae ojf ‘#K'




Consder the funbors DECy = [FOA;; AT — Sebs guen by

EXACT TRIANGLES
DEC [V=U) -
SUCH THAT RfV*Rva(é 6 ):o

[FOA}(V—ﬂL) = iEXA(T TRIANGLES 3/

IR

n

Pﬁ

Puod SRS |1

%vT’ V—>u.



In general, we show that f Y — (L is smookh and G € Ref (Y)
then the fonckor lFG s (V= u) o fexacr Teiangtes K- Gy~ L ] /=
is LT preserviNg,  So ﬂ_—O iS LIMIT PRESERVING.
v
uPSHOT: DEC A; IS ALSO LIMIT PRESERVING |

Now, crucio®? DEC, = SOD
) p:) A = g & JUST 2 WORDS
: ‘Aﬂ‘f é\d ON THIS...

(!(Aﬂ.l‘ s Cnovjl-.‘ since SL,(AHV)& = Sl"(s“"u)ég )



DE =
Ca, = SOD; IAFSZ'I

(:‘jl-"“ [KT’—n OA}\,_‘ KA ] a DECA,C (V—» U_)) we 3:'!3 HDM}V(((;KF ’ékaﬂ) = o.

e = o oy
(&, KB)eSOD;(U W) < they generate Ref(%,) < opply %A;v

giun (V—vlL)éAHk and. (AJ'B) € SOD}(V—; u_)
B RIS AT g, e pyer Moo
OAfve Fetg(ﬂ\/) = <F:Jd, > %V_ L'-Ma.r SOD
~ g OAJCV_) K.;d an Erg(ljv)‘ Su.lrisE\'cs REV*R:HM:H
Eu.55 cLeck: (éK‘A' él{)} ) = (04.2? )



§ 3. ApeLicaTioNs  [BOR+F. Baskane®: ] /£

|} w \s irreducible, gemeric fhre ALL FIBRES ARE
05 X —’ u, is miemmrusnwg : INDECOMPOSABLE

open

ihonkrivi.ae SODs} — =2 {V-E U,, t*.u has o nontrivial SOD} =: T & u

N léh 5} uu aenevic f-“»re }.1 is inJcmmrosnLQL

= {uEUIXu INDEcomPOSABLE | =: T &‘_»

TaT'=¢ = T=¢. =

irvedveible



EKQMPQC
§ :
x> u, Bs | wxo l i:inil:c gt ALL FIBRES ARE

f“ e i) (oo e, INDECOMPOSABLE

EX&MPee
S smooth rroéez‘-ivc sw\fa.u. |} Bs lwsl =0 then le wHilL"S, = ¢

So Hilk"(S) is woeconposnste V31 as soon as Bs |ws| = ¢.



ExamPee

3
C: smooth Fvoa'eckve curve 05.' aenus 32 2 D (S%mn C) e
+3 —
?ITX 1<€n< [a?J

INDECOMPOSABLE

rrovei also 55 [Biswas-GUW\ﬂ-[—ﬂ—] -YOF “-<3°“ (C) )

Ne exPecE AnJemeosaLiei‘E for nSg—i.



PRDOF g°“(c) < [3—;1_' and o gencm? curve realises bhis bovad..

l smolrl\l’lt’ 1

meel Sl s

enevic Sibfe o

aonaedy = L&J

i

Bk n<50n(Cu) {=> lew53mncu|=¢ we Ul
MNow  sek 1sn<[3;J

~ X = Sym“(‘,f) - L smooth gﬂmie;, genzric S:ibre has
emrl—y canonical base locus = off filues are A:nzl.ecomrnsakee 7



Trank You !




