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OVERVIEW

§ o. Derived I triangulated categories
§ 1 . Semiorthogonal decompositions ( SOD )

§ 2 . Main result : there is a moduli space of sods .

§ 3 . First applications



§ O. DERIVED CATEGORIES

A : abelian category such as CohlY )
,
Qcoh (Y) for Ya noetherian scheme

k¥16 ) : complexes A. =/ . . . → Ai → Ait '→ . . .) with somewhat exnolicnmmorphimsms . . .

^

/ loc (sends quasi- isomorphisms to ISOMORPHISMS )
KCA) : homotopy category of A ( Homs = chain maps / homotopy )

A DIA )
E t f . . . → o → E → o → . . . )

- I 0 I



TWO VARIATIONS ON D ((oh (Y ) )

UlVALENCE for SMOOTH VARIETIES

Perfly )→ DblY) C DKohl'll)
x

{perfect complexes } ( bou"nded complexes }
[ locally quasi - isomorphic to a bounded
amplex of locally free sheaves



MOTIVATION for Db ( Y )

generalprinciple : a variety is determined by sheaves on it .

Y = Y
'

⇒ (oh (Y ) = Cohl Y ' )

Look at half - empty glass : Cohl- I is a coarse invariant !

But Dbl- ) is a finer invariant :

%ni%nd"Io::YP¥iee⇒y#



. . .
All these categories T E { D

''
( Y )

,
DKohlY ) )

, Perf ( Y ) , DIA) } are TRIANGULATED,
i. e

. equipped with an autoequivalence (1) i T IT and a class of EXACT TRIANGLES

T
E.→ F.→ G.→ E.(1 ] satisfying some axioms .

"

upgrade" of SHORT EXACT SEQUENCES

hmmmm

A.BE.tt#Ex.tgifA.Bl=HompgyfA,Bli



f : to → Fo map of complexes in A

::¥÷÷.in:1#ii:n::eit:itis. cones(up to iso ) of the form E. Is F. ,→ cone Ift F
> Eh]

Fi → Eit ' of Fi Eit ' ④ Fi → Ei-11

e.g . o → B → E → A → o in A gives an extension E
.

↳ B → E → A → B (I ] EXACT TRIANGLE in Dht )
P
M

E E Ext
'

( A , B ) = Homma, ( A , BHI )



ALSO
,
DERIVED FUNCTORS

Idea : x* , x*, ④ , Hom not exact mis replace them

with functors sending exact triangle H exact triangle
•• Rx* : DlQCoh× ) → DlQ6hy )

X Y morphism of schemes ( t assumptions )
• L#* : DlQ6hy ) → DlQCoh× )

L : left derived
L
- ④ - R : right derived• DlQCoh× ) x DlQCoh× ) - DlQCoh× )

Rtlomf .- I
• DlQCoh×l×DlQCoh× ) - DlQCoh× )



§ 1 . SEMIORTHOGONAL DECOMPOSITIONS

T : fixed triangulated category
F- iii. Tn - T fee subcategories

→ *iTIf
I . . .
! Tn generate T•!HomfTi,jl=o, s !

"generate" : T is equivalent (via inclusion) to the smallest triangulated
subcategory containing Ty , . . . , Tn .



WHAT DOES IT MEAN ?

It means that Ta ,
-

, Tn can be used to "

decompose "

any T E T in the following sense : I !
"
FILTRATION

"

Siiiii
my

PROJECTION FUNCTORS
pg : T → Ti ↳ T

(of the given SOD )
Tt cone (I. → Ti- i )



Example

T.ec#o)andT=fo,T) are called the TRIVIAL SODS
.

Example
S T admissible subcategory ( i.e. have left, right adjoint T S )

tf = {TET / Hom (T, Ale] ) = o V A ES
,
the E Z }

St = {TET / Hom (Ale]
,
T) = o V A ES

,
Ve E Z f

-x two SODS T=(S,T),T=(St,



Example

Y=lPn
,
T -- Db ( IP

"

)
, Tj = ( Oljl ) to Ej en )

Bei linson : Db ( IP
"

) = ( 0,0111
,
. . .

,
( n ) ) .

"

full exceptional sequence
"

→
(stronger than SOD )

or : ( Oci)
,
Oli-111

,
. . -

, Olitn ) > ,
i E Z

• E. E Db ( IP
"

) exceptional : Hom (Ei Ece] ) = { Clo e "

et o )
- . - . . - • . no horns !

• t
, . . . . .tn exceptional sequence : Ei exceptional , Hom ( ti , Ej le] )=o, i >j , Ve . ←x

• FULL (⇐ GENERATION ) : consequence of Bei linson spectral sequences

e
:S": ÷: recon.']



Example i

X smooth variety , Y X
,
take blowup Dfp

Y- X
fully faithful the 21

OHH → D=lPlNyxl@LitK.DblXl-sDblXu1o.k
' 4h : Dbl Y ) → Dbl It

,
F t Ri

* ( Lp
*
IFI OE Op lk) )

→ D4M=4a*÷MM4o4÷hNiih¥DbT



INDECOMPOSABILITY

.tn:1?tieh:ne.ToisI::::.:::::::...IT=DblY
) indecomposable for :

(1) Y = curve of genus Z1 ( Okawa )

( 21 Y smooth connected
, Ky = o ( Bridgeland )

( 31 Y smooth
, proper, Bslwyl finite (kawatani - Okawa )

(4) . . . More in § 3



§ 2 . MODULI of SODS
HOW DO SODS BEHAVE IN SMOOTH FAMILIES ?

It
i.e . given Dbl X ) = ( Ta. . . . . . Tn ) and a family ④
what can we say about SODS of Xy ? tf

TU
y

'

÷÷÷÷÷÷÷:÷÷÷÷÷÷.is#:iiei::::::e:::i:::i::ei



excellent scheme

f e.g .
E - variety

Input : a smooth projective morphism It f- U , h 3 2
12

Output : a functor SODF : Sch!!→ Sets

h

SODFIV-sul.az/VIinearS0DsPerflItxuVl=fT......Tn ) }
this is the def . V- linear means : the components Ti are V- linear ice

.

for IV → 4) E Affu
e-

# ( Perf lull Ti E Ti
Itv =HxuV - A
ful o tf Linearity is needed to make sure

V - U we can base - change SODS ( Kuznetsov]



THEOREMCBORISODIisanalgebraicspace.etaleoverU.FI
RELATED : Antieau- Elmanto construct a STACK of SODS in a more general setup . ]

FROM NOW ON : n = 2



COROLLARY : I ! DEFORMATION OF GIVEN SOD

Given Db ( X ) #
'

(A,
B ) , possibly after passing to an

⑦
*

e'tale neighborhood 4
'
→ U of o E U

,

If I ! U - linear SOD Perf It = ( Au , Bu )
1- u

o whose base change along Speck lol → U is 1*1
.

[RELATED : Hu proved this for exceptional sequences .]



Example If Esu family of Calabi-Yau varieties

⇒ SODI = U LIU → U
.

Example It =p
' Is U = pt coin, oats , >

÷
2

-is SODf = pt Ipt LI LI pt not quasi- compact . . .
-

trivial SOD,
if

'Z



PROOF (ARTIN 'S CRITERION )

P : Schou? → Sets presheaf . It is an algebraic space e'tale over U iff :

N P is a sheaf on (Schule.
TWO WORDS ON

✓ THIS BELOW
. . .

(21 P is locally of finite presentation ( limit preserving )

13 ) ( B
,
m) local noetherian ring , in - complete , Spec

,
B→ U

t
⇒ P(spec B) Is P(spec Blm ) .

Spec Blm



TWO WORDS ON LIMIT PRESERVING

HEA - y x
"tilt

on.
FOURIER- MUKAI Perth)- Perf ( H)

ke Perf ( Y ) → FUNCTOR Ei-Rpz*(PYE K)

NOTATIONiGKEPerf.lk/theessentialimageofo



Consider the functors DECA
,
E Foa

,

: Aff → Sets given by

DECA
g.
( V→ u ) =

EXACT TRIANGLES KB → Oag,→ Ky

µ

{ SUCH THAT Rfu*RHom(GKB, Gks ) -- o )€
V→ U ) = { EXACT TRIANGLES KB → Oaf,→ Ky } / =

Yr Av- A
Pat O ful o tf
Av .TV- 4



In general , we show that if Y → U is smooth and G C- Perf ( Y )
then the functor Fg : ( V → U ) H { EXACT TRIANGLES K→ Gu → L }/=
is LIMIT PRESERVING

.

So ¥1
,

is LIMIT PRESERVING
.

K
UPSHOT : DECAF IS ALSO LIMIT PRESERVING !

Now
, crucially , DECA.si/Affufr JUST 2 WORDS

ON THIS . . .

↳

( ' ' Aff " is enough , since Shfltffu )
,
= Sh ( Schuldt . . . )



DECAF = SODf I Affopu
It given ( Kp → Oaf

,

→ Ks ) E DECag ( V → U ), we get Hom*
u

(Gkp , Gks ) = o
.CGks.EK.rs/ES0DICV-sU1e-theygeneratePerffHvC=aBpply8loag

If Given ( V→ u) E Aff" and (A ,
B ) E SODI ( V→ U )

i j
B ¥ PerfHr )Tp t p, =joj* , pp = ioi

! ''Foon To:}oai.IT:1?i::Ik.7:i:iii:::.....rs.*..I
Easy check : (Gks ,

G Kp ) = (A .
B ) 17€



§ 3 . APPLICATIONS ( BOR t F
.
Bastianelli ] 1g

¥"*isid÷e÷:;:÷::⇒:*ei:i::sa¥x
{nontrivial SODS } SOD} ⇒ {u EU / Ttu has a nontrivial SOD } = :

'T LL

¥
, ↳Et If the generic fibre Tty is indecomposable

irreducible
⇒ { " E U / Ttu IN DECOMPOSABLE } = :

'T
' ,y

'T' n 'T
'
= 0 ⇒

'T = ¢ . EI



Example

* Is LL
,

Bs / w#of finite § ALL FIBRES ARE

for some o E Ll kawatani - Okawa INDECOMPOSABLE

Example

S smooth projective surface . If Bslws 1=0 then Bsf wth.ws/-- ¢
So Hills

"

( s ) is INDECOMPOSABLE Vn 21 as soon as Bs Iws / = 0 .



Example

c:smoo¥.mi;:;;;;÷syemss"⇒?!÷::÷!
( proved also by ( Biswas - Gomez - Lee ] for ne gon (C ) )

We expect indecomposability for n Eg - I .



PROOF gon (C) E I ) and a general curve realises this bound
.

Ey- Eec generic fibre of
f smooth fit I gonality=9generic y - LL c- o

pt

But ne gon (Ca) ⇐s Bslwsymnc 1=4 u E U
U

Now set a en c 18 I
→ It = Sym

"

(x ) → U smooth family , generic fibre has
empty canonical base locus ⇒ all fibres are indecomposable ET

.



Italy !


