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THE GROTHENDIECK RING OF VARIETIES

Komar,
Z - { iso. classes Y / Y complex variety }

Y = Yl Z t 2
,
ZCY closed

[ Y] E Ko (Var) : the MOTIVE
,
or UNIVERSAL EULER CHARACTERISTIC of Y

UNIVERSAL PROPERTY OF Ko (Var)

Yt> CY ] e ( O ) = ORVar i Konar)
efpt) = IR

Ve
- elYxY' ) = e (Y ) - e (Y ' )

any ring R ←

It ! ring map
et't ) = e (2) tell'-2 )



"

The ring ko War) is interesting ,

big ,

and hard to
grasp "

Looijenga , Motivic measures



COMPUTING IN Ko (Var)

( o) It is hard
.

RULES : 11) X → Y bijective morphism ⇒ ( X] = (Y)

(2) X → Y Zariski locally trivial ⇒ (X) = (Y) - (fibre]

THE MOST IMPORTANT CLASS IS THE LEFSCHETZ MOTIVE II [ Ht
't

] E Ko (Var )

( H? IET ] E' [ Y] - 11+11-1 - i. + II )
p

locally free of rank rtt



Ko(Var) "SEES" SOME GEOMETRY

BUT IT IS . . . ¢
EXPECTED

←

2014 Galkin- Shinder tf k is not a o - divisor ⇒ the generic cubic Yc IP
'
is irrational

.

2017 Kuznetsov - Shinder if X.Y are smooth proj. simply connected manifolds , then
CONJECTURE Db ( x ) = Db (Y ) ⇒ Ha ( [X) - (Y) ) = o E Ko (Var)

,

some a 20 .

. . . EVEN THOUGH IT DOES NOT LOOK SO :

By definition (X] = [X red] so SCHEMEL theory is invisible

Larsen - Lunt if [x ]=[ Y] E Ko (Var) then one has stratification's2003
cut- AND-PASTE CONJECTURE

X = µ Xi , Y = # Yi 5.t
. Xi E Yi

is
2015 Borisov Disproved this VERY REASONABLE conjecture . . .



POWER STRUCTURES
,
R =

'

TI
.

Take a power series Alt) = It §
.

Ant
"

E IttZITI
,

in C- IN

di

Attie ' + ⇐ Enl"I in- ji . It
"

where a = (I' . . . idi . . - Sds ) are PARTITIONS
.

Hall ⇐ hi , h = § iq.

Hall = number of rows in

e.g . a = ( a' 224
'

) t 11 t the Young diagram
= 3 t 2 t I



POWER STRUCTURES
,
SEMIRING R

A
power structure on

R is a map HttRETI ) x R > attRETI
m

( Alt)
,
in ) s Alt)

such that :

••• Alto = I

'
-

••

fAltIm1m-AItImmioAltt-AlttB@lAltt.B
Itt )m= Afttm.BA/m

B•• Htt Im = Itmtlmodt
'

)
m

•• Alttmtm
'

- Afttm . Actin
'

•• AHI It,*e= Altelm



POWER STRUCTURES
,
R = Ko (Var)

Say { An }n
, o ,

M are VARIETIES
.

big

( at E. LANI th )
""

i. + ⇐ ¥
.

HM
"

) ' ' × IA: tn
II. Gai

Gusein - fade
This defines a POWER STRUCTURE on the sub- semiring So (Var) c Ko (Var) of

Luengo effective classes. It extends uniquely to a power structure on Ko (Var)

Melle - Hernandez since any Ae Ko (Var) can
be written A = B - C

,
B. C E So (Var) :

Alt )
"

= BHIM - (Clt)
"

)
- it

works !



MOTIVIC (PLETHYSTIC) EXPONENTIAL

Exp : ftkolvarlttD.tl Is ftttkolvarlttt . . )

E. Ant
"

I s Io ( I- th )
- Ah

Remark Exp ft) = H- tf
'
-

= Itt tt't . . - so Exp ft) = 1-t f- Exp (t ) It → +
Remark Y variety → Sylt) It ¥

.

[ Sym
"

Y) t
"

Kapranov 's MOTIVIC ZETA FUNCTION .

The power
structure is DETERMINED by ( I-t)

- [M)
= Espy (t) .

We are saying

Exp AHI = IT Sant tht
n > o



HILBERT SERIES

Y variety → Zyltl := ÷
.

[HiltonYI - th e It tkolvarl ITD

••• C smooth curve : ZHI = Salt) = H-H
- "I

= Exp (KI t )

2001

•• S smooth surface : Zsltt = !! It- Hin
- '

tht
's! Exp ( ISI . E. kn

- '

th ) = Exp t)Gottschee
Y smooth

,
dim Y =D

.
2
,
ft) = ( ¥

.

[Hill.nl/.Ad1oy..th/tYt Gusein -Zack

Luengo 2004

punctual Hilbert scheiner (2C IAD, Supp 2=803 ) Melle - Hernandez



QUOT SERIES

{ F→ T I dim 1-11=0 , XLT) = n }
F LOCALLY FREE

,
rk F = r f

t → Qettt ⇐ [ Quota, IF,nHt
"

E Kolvarltttt
Y smooth quasi prog:

dim Y=d

( Bifet : 0¥ )
••• dim Y -- a ⇒ Qfltl = Exp ( (Tx Pr

-

1) t ) Bagnarol- Fantechi -Perroni 2020

••• dim Y -- 2 ⇒ QFHI = Exp /
t

!!
t

) Mozgovoy 2020

••• Qfltl =/ [ Quota.ci/O9nloIth/t
"

R
.

2020



WHAT SHOULD ONE DO WHEN NO MORE
"

ACTUAL
"

INVARIANTS

APPEAR TO BE COMPUTABLE ?

COMPUTE VIRTUAL INVARIANTS ! !



THE VIRTUAL MOTIVE OF A CRITICAL LOCUS

U smooth of dim d , f c- TIU ) → X = crit Ifl = 2 (df ) c U supports the complex

If C- Perv (X )
.

Motivic version F
yf E Ko (Var) defined by Denef - Loeser.
I f definition due to

[XIU, i. = - II .

yf
c-Mt := Ko (Var) ( k¥7 Behrend- Bryan- Sandro"i

e.g . f -- o → (Ulu, = It
- ¥
( U] EM

.

i
M a [Muir

III -s - a X
-

f
this is DT (x) when X= moduli space of

u
r

sheaves on a CY3
.

Then [Muir is called

Z 7 Xvi
.
( x ) := X (X , If ) motivic DT invariant

.

C



LOCAL RANK r DT THEORY : Quoth.jo/OFn) IS A CRITICAL LOCUS

A
,

Fix r
,
n

.
Consider the quiver Q; : •• o.j.ba,

with potential
"
r Az

W = Az (Az , Az)

r Ot 3 Otr

Rep
, ,,n,

(Qsl = End (En ) ⑦ Horrific , en ) IE, LA
' "

fr
.
.

- Tr W
"

µ open
(Aa .

Az
,
Asi un-Nr ) - Tr AalAz . As] Glen - equivariant

FREE
¥ fr

,
n a

Gln C
'

Ur,n={(Aa .AZ . Asim .
-Nrl / Spang {Ai

'

AYAY.y.in/,aijYrf=qnf
descends to noQuoth - IA

✓
GIT quotient

THEOREM (Szendriii r -- I
, Beentjes - R. any r )

noQuoth Ur.nlGlen
r

T Quota.is/O9n/-icritffr.n)cncQuotI
SMOOTH OF DIM 2h

?
t rn



2. It ) ⇐ [Quota.IO
"

.nl ]
".

- the Met]lcMEItD

m- 1 9 2013

••• 21ft) = ( I - H
"" -

Z tm )
"

Behrend- Bryan- Sandro"i
MZ I K=o

2015 2017

rm- i rm

•• 2. (t) = ( z - H'
' +2 -

Ifm )
- '

= z,fk
ti

. t )
Cazzaniga , R .

,

m2 ' k=o zsier Gazzaniga -zthoaloaivaosaona -R
"£

¥oXvir( Quotas (09h ) ) . t
"

= mtf
,

ftp.grmfmg-rm

"A MOTIVIC WALL- CROSSING



GLOBAL THEORY

Y any smooth 3-fold , F any locally free sheaf of rank r .

R
.
one can define (Quote, IF, n 1)ri . via

the local model

and one has

¥! Quot, Hribar.Hitt = Exp (hit IYXIP
" '
-

Lir . Exp (Htt't tf- htt't ))



SANITY CHECK

Y projective cY3 ⇒ the above series REALLY

computes MOTIVIC DT INVARIANTS :

¥
.
XIQuotylf.nl/vir.th=mTf

,

( e - c- a)rmtmjrmt
""

H R
.

enumerative DT

partition function



MOTIVIC MEASURES Ko (Var) → R

ko ( Var ) a ( Y )
,

Y smooth projective II = [ IP
"

] - Ipt]
-

-

th
v v

E- KOCHS ) a {hi [Him,
I ] th , E. E. X

x§ai. "
" """i ±

arent:
"

:::÷÷÷¥i::c
.

v.uh -t
't

y la-ti
'"

) - u-tilt
"

✓
u n

V

21ft'T ] a [ c- IT dim H
"

( Y, ' t
' t

→ NICE FORMULAE
n 71

-

v U V

B a Xl'll I



EXAMPLES

power
structure on Zhu) given by (e - t )

- E Pij
ca- vivify

-

Pij

¥
.

Eftlilbhlti ; v.v ) .tn -- E# fi - km
-'

tm )
- "t) = If

,

Ii- win
-'

tm )
- ""

= ( i- mint't
m

)
- 1

I tilt! ( Quot#310
r

,
n )
, Ifr.nl ; x. y , z ) . cxyz25-i-rn.tn

h Z O

re
Davison r-- I 11 R

.
r

Hodge series of vanishing cycle
✓m- 1

( z - (xyzzyk
"-

rmfm )
- t

cohomology for Quot scheme of

ma ' k=o
173 ( Hodge - theoretic DT )



Thank
you

!


