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#
nothing many amazing things everything

DT theory is one of the realms of
Enumerative Geometry where objects
we totally don't understand geometrically
reveal amazing properties .



BEYOND NUMBERS
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DT theory : classical context

X : smooth
, projective Calabi-Yau

%3 - fold over Cl
. If r×= Ox

YEH
*
(x )

→ Mx (y) moduli space of sheaves
with Chern character y .

→ DT (X
, y ) E

'21
,

"

DT invariant
"

H
"

deformation invariant analogue
"

of Euler characteristic e ( 14×18 ) )



KEY FACT on M = 14×18 )
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o - section There is hope to count !



WHAT IS SPECIAL ABOUT 2 = { d f = o } ?

(1) IH (Z
, Iof ) perverse sheaf of

ye
r-Vanishingcy.ee,

evir ( Z ) E Z
H

¥
.

Hi dim IH:( 2. If )

T
computes DT invariant when 2=14×18)



(2) 2 = { df=o } has a canonical

SYMMETRIC OBSTRUCTION THEORY :

- I 0
Hess (f )

Eric
.
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Kz -- 1%2- duh ]
T TIC Ou

truncated ideal sheaf
cotangent
complex of Z - LL

.

If : Ou→ Du(dfi : Tu→ Icon)



y induces :

(i ) a VIRTUAL CLASS (2)
"r

E Ao Z

( ii ) a VIRTUAL STRUCTURE SHEAF

Oz
""

E Ko (Z ) .
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ACTION STARTS NOW

The main player in HIGHER RANK DT THEORY
OF POINTS is the Quot scheme

Quot
#
10+0%1

.

←

the simplest CY 3 . . .

Its points are short exact sequences
o→ S →

④ '
→ T → o

where dim T = o
, X (T ) = n .



FACTS
local model for

(1) r = I → get High#
3

y?
°- dim DT theory .

12 ) Quot.az/Ot9n1EEGfdf=o } .
T
( Beentjes - R 2018]µ [ Szendriii , r = I]

131 Have l . ]
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,
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141 There is aTt- action on the Quot scheme

T T1 2

11 11

Torus II = (EP x (EY
s

moves the support
←
rescales ④ r

of TK O
④ r
via

(ta , tz.tzl.lxa.xz.az/--ltpce.tzxz.t3xz )

I

t-actiononQr.n-Quotsas.CO
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Ty = (EY - fixed locus of Hilbk.AT ) is
reduced

,
isolated

,
indexed by
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A plane partition E

of size / It I = 16
.

S ↳ O →T

QIzlsIe.s-iOt.I.i@QtTr.n
I { r- colored plane partitions

Tt -
- fee . .. . .tr ) of size I =

.

Itil = n }



K- THEORETIC INVARIANTS

IE Es Ky p. o .
-t
.
on a scheme Y → Of

"

E KITY)

Y Is pt proper → X (Y , - I =p* : KITY)→ Kotlpt)

XvirCY,v)=XlY,V④O€
Important characters :

✓
IE = [ E-

'

→ Eo ]

Tj
"

= EV = Eo - E, virtual tangent space

Nui: N. = T.ir/iiiek.TYT .

virtual normal bundle



Virtual localisation
Y has a T- action ⇒ YT has its own Ov

"

I

If Y is not proper, DEFIN

Xv
"

( Y
,
V ) to be the RHS

,

provided that Y
'
is proper .



DEFINITION of HIGHER RANK DT INVARIANTS of IA
'

DTin - XIQ
.
.
. .
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Okounkov proved Nekrasov 's conjecture :

¥::i÷÷ii÷i÷÷¥
- -

• Exp = plethyslic exponential

• fix] = x"- si '" . E -- that,

• Note the independence on we



MAIN THEOREM

Zheorem ( Fasola- Monavari- R )DTYIA3.t.w.c-iigl-E.PE/g.ta.t#
• Fr :=_¥Et¥

EEIEE"gHE"g' '] Halltilts]
where I = t.tt,

• This was conjectured by Awata - Kanno ( 200g )
in string theory .

• Note the independence on w = (wa , - ,Wr)



BEFORE WE GO ON

1.1 A proof of the Awata- Kanno conjecture was also

announced by Noah Arbesfeld and Yasha Kononow.

(oooo) A " lo years later
"
review on this conjecture

was arrived by Kanno last week .

cool One more remark on the Physics literature . . . .



. . . . The plethystic formula for
DT!" (HI , t.w.fi5g ) is equivalent to

DT:'(HI , t . GigiIIotgE¥
i. e

.
the rank 1 theory determines the rank r theory .

This formula appeared in the work of

Nekr-Piazzauga as a limit of
(conjectural ) 4 -fold identities .



INGREDIENTS IN THE PROOF

111 explicit formula for Ts
""

,
IS ] E Q !?n .

H

Eirit Ks, E Ko"Tpt)

! (2) DTI (TA? t , w , g ) does not depend on w

131 Evaluate DTI (173 , t , w , g) = ¥9
""

"II, I- Vi;]
by setting wi =L

"
and computing the limit for L→ x .

"in::e::"i.
"

is:::::: me::/
these are "vertex terms " arising
from localisation

.



Tsui:X 1090*1 - xls.SI
←
Vij

determines the HIGHER RANK VERTEX
,
where

vii. wiy.la; -EI.ie?tIQjQi )
ET

Q.

- trot
.
.
.

- Z t
.

FIT E Ii
[ rank r version of MNOP, including the
triviality of the T- fixed p.at .
on Quota, (Otr, n IT .



CO HOMOLOGICAL (rank r) DT INVARIANTS

DT!! =/ I si -- gift )

[Quota, (otornjgvir
Vj = cztfwj )

localisation /
! -2 etc-Tj

"

) E Is , v)
IS ] IT- fixed

D÷tg:=÷D÷.g
µ

true if r=i EMNOP]

SZABO 'S CONJECTURE

DT
.
"Yg1=Mk ,,rgjrY

a

MH) - E.gl#=mII.a-gmim
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proof :

brr
HI DTI

"
( g ) = bling DTI ( 173, ebs, e , g ) .

(2) DTR
"h
( g ) does not depend on et(w ) .

(3) Compute blip
.
Exp F. ( q , tab , tab , t! ) .



FUTURE of DT THEORY OF POINTS

we propose a definition of

?←Ii::÷re:::;ti;s;:t formula for the partition function
✓ K- theoretic (not even in Physics ! )

t
✓ Cohomological

I
✓

enumerative
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Thank you !!


