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NOTIONS OF
"

MODULI SPACE
"

Here : a functor Sch →M Sets

Weant : a scheme M relating nicely to M

(1) M -7 Horns.ae/-.M ) 2 universal natural

transformation+ "

n , "

I
Hom

sche, M is a moduli

space for M
"

(2) M is a coarse moduli space :

have y , and MIE ) I Mlk) .

(3) M is a fine moduli space :

M# Horns.net. M )



(O ) WHAT TO EXPECT

Say we want to parametric rank r bundles on IP
't

r =L → Picard scheme

r = 2 → two problems f
FINITE TYPE ( i )

SEPARATEDNESS Iii )

( i ) r c
,

ho = n-12

It 1

Mp .
12,0 ) z { Of- n) ④ Oln ) }

1270

✓ dosed ⇒ get infinite descending chain

of closed subschemes
{ E) hole ) > n }

µ
Mp , 12,0) would not be finite type



( iil Again r=z . Ext
'

( 0111,0ft )) = ¢
① I

6th ⇒ E , -⇒ Old] a X

Oth ④ON G Ey = 0+02
l l l

lol xp
'

c A'xp
'

s { I } xp
'

T
base of the family

If we had a fine M ,
8 would give us 1A

'-4
> M

But
. . . yco) f

[Ot- " ⑤ ON] ⇒ M non- separated
[0+02] ⇒ M not fine !



To solve both problems at the same time
,

introduce STABILITY . For curves
,
this is

Mumford 's µ- stability . In general,

GIESEKER STABILITY



(1) General theory ←
any
k=E

. . .

X : smooth projective variety over E Hilbert polynomial
H : fixed polarisation ( ample divisor ) of E writ . H

←
E E Cohx → PIE , m ) = X ( E ④ 0×1MH )

" ""

I § chfEI.ch/0xlmHH.hdlXIy1+9fI+cilxT-czlx)
#

t - - -. .

cha (E )

ExAMPLE:lE ch ( E) = ( r, Ca , n
"

)

Plein) = ! ( r,c,m 1. (s . ,9k4 )

= RHI m't c , Hm + n +4 + rHczm+r9KKs12
--

¥i÷:i÷iiiiiiii



Z
U

write PIE
,
m) = Z
-

otic dime
4- ( E )

plE.in/=PlE.m)/adtE ) , D= dim E
E reduced Hilbert polynomial

FEE ⇒ dim F -- dime

torsion free
T

⇒ I
E is STABLE if it is pure , and

04 FEE ⇒ pft.in/yaplE.m) , miso
f m> E SEMI STABLE



EXAMPLES ( X surface )
d = o : pl E. m ) = 1 .

E pure , semi stable .

E stable f) E = klxl
,
x E X

.

D= i : E =L
*
F
,
F locally free on C ↳ X

y - stability of F a stability of E

d = z : Assume X is a k3
,
so Cz (X) = 24

PIE
,
m) = do (E) td ,

(E)

mtdzlEIhzI-zEtchzCEItc.fEI.HGmt@rHmzIplE.m
) =foef + m E torsion free

? V UH

Html + ¥7¥m¥ F
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THE FUNCTOR
Fix : X. H ,P

Sch:P -M, sets
aitch

B ↳ LEE Cohl" B) t.me?staYe.B-fd:tmj?pbifbl/n
G - F if G = Fox EEL, Xx B B

(weakest notion . . . )

THEOREMMhasaprojectivemodulispaceM

Mst M stable locus



Exempted D= n ⇒ M = Sym
"

X = X45n .

Construction via G. 1.T.

G.1.T. - semistability
111

quotient sheaf is
Gieseker- semis table

ust put Quotfoxtmltottm! P )
/ II G.1.T. quotient
V

v

Mst u/PG4PlmH=M



You can 't always get what you want

Mic ) = { S - equivalence classes ofsemistables E with P (E) =P }

Esemistable-soctoc-e-CEs-EJordaen-at.cn#.oEi/Ei.
,

stable with reduced Hilbert pol . pl E, m ) .

E J F F) ④ Eiti
. .

= ④ FilFi. .

So
, if you find a STRICTLY SEMI STABLE sheaf,

then M cannot be represented ice . M is not fine .



LOCAL STRUCTURE OF M

Pretend M is fine . Then , if (E) E M corresponds
to a stable sheaf E ,

one has

TeyM = Hance, ( spec EETIIE ,
M )

✓
= M (spec GETTLE ) = Ext7E

↳ This happens even if M is not fine .

? ⇒ SMOOTHNESS

Ext
'

( E , E) = o ⇒ M smooth at CE ]
.

1/1 ← now we exploit
this on a k3 . . .

Ext
'

( E. Et Es H' (Ox ) injective



Trace map
id
E0x÷÷iR"i:!÷÷! iii.in:O ,

tr = hi Ctrl : Ext" ( E. E) → Hit 0×1

(e.g . h
'

Ctrl = tangent map to Ms pic
,

(E)1- (det E ] )
X K3 surface . Then

r=L I
•• o = H'(0×1 = Ext ( L , L ) ⇒ Pic

×
reduced

,
isolated

.

r > I

-•• Ext(E ,E) = End (EY = ¢ ( E stable )

I tr ft f. id

E E H40×1
't
tr : Ho (Ox)⇒ End(E)

So tr to ⇒ MstsmoothofdimtxtYE.li#



(2) From now on
,
X is a K3 surface

.:÷:÷¥÷¥i ±: a

P t Mukai vector

v = v (E) = ( rt, E , c , ( El , cha (E)
trk E) E H

*

(X
,
21 )

II

Cho ch
,

PIE , m) X (Elm)) = - (ofEl , 40×1MH )) )
IT

X ( E,F) = - (r IE ), of F ))
⇐

- (v1El , ol El ) = X ( E , E) = of ITexti ( E, El

= 2 - ext
'

( E
,
E )

Mstsmoothofdimensionz-cv.rs/or#



Tryst→ Gat; 16,6 )
(G : univ heat on X × Mst Mst )
#

proof ALIG ) E Ext
'

( 8.6 ④Myst )

J t Grothendieck duality along p

y E 1- (Mst
,
Ext:(6,81 ④ rinse )

not enough . . .

y t
Tryst- Ext:(8. E ) , Tce , Mst yT⇒ Ext

'

( E. Et

Ust g- univ
. quotient Just Eat:(8,8 )

it f must Ust ¥*Fµ#FMst
f

T PGL - invariant via equivariance

of At- ⇒ it descends to y ,
E

which is then also an isomorphism .

FIE



COROLLARY : SYMPLECTIC STRUCTURE

Tryst × Tryst→ Eat
"

(G.E) x Ext (8.E)→ Qyst
P

relative Serre duality → everywhere non- degenerate

reYmYr2
111 First observed by Mukai
(2) r is closed ( Huybrechts - Lehn , Ch . to ]
(3) Reasonable ( but false ) hope : realise Mstlv)

as new examples of IRREDUCIBLE SYMPLECTIC MANIFOLDS
.



HOW TO AVOID STRICTLY SEMISTABLES

Fix v= ( r, l , s ) E H
*

(X
,
21 ) either r > o

or Sfo if r=o

v primitive
H generic

) ⇒ Mstlv) = Mfr)
"
smooth projective of

(v.v> t - 2 dim
. (v.v) t 2 , or ¢

⇒
(v not primitive ⇒ Mtv) might be singular )

HAVE WE BEEN TALKING

ABOUT 10 ALL ALONG ?

THEOREM_ NO : v = ( r , l , s ) fixed Mukai vector
.

(v.v ) Z - 2 , and

r > o or e ample I ⇒ Mtv) # 0
.



EXAMPLES

Mst z [ EI
,
Ext

'
( E
,
E) = o i.e . E rigid .

(v.v) = -X (E , E) = - ext (E, E ) - ext
'

( E. E) = - 2

(v.v ) = - z ⇒ Mst = { 0Spec Cl ( = Mtv) )

THEORt (Mukai) If (v.v ) = o and Y c Mayst is a
complete component ⇒ Y = Mtv)st= Mfo)

.

I
either of , or
smooth

,
2- dimensional

Exercise : E stable
, rigid , rk (E) 71 ⇒ E locally free
-

not easy
to find . . .



corn.÷÷÷::÷÷ii:;:::±:÷÷
PROOF

.
We know M : = Mst = Mtv) is a smooth projective

surface, with re Nvm) . Then come On .

Goal : H'(Om ) = o .

⇐iv. sheaf
← 7%4%99 rite no ,

Xx M
→ Db (MIT Db ( x )

K X FMG
X M

Hill
, Gxttgko .8D
H

H' (M
,
Ext:(6,611 ⇒ Ext

'

( 8,8 )
o

1 11
HMM

,Om )↳ Ext ( 8,8 ) ←H' (X ,0×1 -- HoH , Tx )
x

Ext:(6,81

⇒ Ext
'

(8,81=0 ⇒ HTM
,Om 7=0 ¥,



Example X C IP
's

quartic .
V = (2,0×1-1), 1)

→ Mtv)→ X
U U E ↳ 0×+03→ I

,

[ E ] ↳ x

EXAMPLE V = ( 1,0 , I- n ) , n 70 .

torsion free sheaves E ideal sheaves{ with rkE) = I
,
det (E) = Ox } = { Iz Cox ,

codim 2=2 }
st

-is Hills
"

( X )=> M(1,0 , I-n ) = 1411,0 , I- n)
n 71t t

Sym
"

X T Mfo , o , n ) o Miao ,nitty
THEOREM-ir-lr.li s) primitive , r> I or Sfo , (v.v) Z - 2 .
Then

, for generic H ,
Mtv) is an irreducible symplectic

projective manifold , deformation equivalent to
n

Hills ( X )
,
an = (v.v ) t 2 .

( Huybrechts , Yoshioka ]


